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1 ǨȆůŬȂȒȂǾ ůŰȄ MATLAB  

ǆ MATLAB ǣǝǫǟǧ Ǜǫǟ Ǳǻǡǵǯǭǫǭ ǭǩǭǨǩǥǯǷǪǛǫǭ ǪǟǦǥǪǟǲǧǨǺ ǩǭǡǧǱǪǧǨǺ ǮǟǨǛǲǭ Ǯǭǳ ǵǯǥǱǧǪǭǮǭǧǣǝǲǟǧ Ǳǣ 
ǮǟǫǣǮǧǱǲǥǪǧǟǨǚ ǪǟǦǜǪǟǲǟ ǟǩǩǚ Ǩǟǧ ǣǯǣǳǫǥǲǧǨǛǰ Ǩǟǧ ǚǩǩǣǰ ǣǴǟǯǪǭǡǛǰ Ǫǣ ǣǮǧǱǲǥǪǭǫǧǨǭǻǰ ǳǮǭǩǭǡǧǱǪǭǻǰ (scientific 
computing). ǒǭ ǺǫǭǪǚ ǲǭǳ ǮǯǭǛǯǵǣǲǟǧ ǟǮǺ ǲǟ ǟǯǵǧǨǚ ǡǯǚǪǪǟǲǟ ǲǷǫ ǩǛǬǣǷǫ MATtrix LABoratory (ǣǯǡǟǱǲǜǯǧǭ 
ǮǧǫǚǨǷǫ).  

ƼǮǷǰ ǳǮǭǢǥǩǼǫǣǲǟǧ Ǩǟǧ ǟǮǺ ǲǭ ǺǫǭǪǚ ǲǥǰ, ǥ MATLAB ǣǝǫǟǧ ǣǧǢǧǨǚ ǱǵǣǢǧǟǱǪǛǫǥ ǡǧǟ ǳǮǭǩǭǡǧǱǪǭǻǰ Ǫǣ ǮǝǫǟǨǣǰ, 
ǺǮǷǰ ǥ ǣǮǝǩǳǱǥ ǡǯǟǪǪǧǨǼǫ ǱǳǱǲǥǪǚǲǷǫ, ǥ ǣǻǯǣǱǥ ǧǢǧǭǲǧǪǼǫ Ǩǟǧ ǧǢǧǭǢǧǟǫǳǱǪǚǲǷǫ, ǥ ǟǫǲǧǱǲǯǭǴǜ ǲǣǲǯǟǡǷǫǧǨǼǫ 
ǮǧǫǚǨǷǫ ǨǩǮ. ǄǮǧǮǩǛǭǫ ǲǭ ǮǟǨǛǲǭ ǟǳǲǺ ǣǝǫǟǧ ǣǴǭǢǧǟǱǪǛǫǭ Ǫǣ ǮǭǩǩǛǰ ǣǮǧǩǭǡǛǰ ǡǧǟ ǡǯǟǴǧǨǚ (Ǣǥǩ. ǲǥǫ ǨǟǲǟǱǨǣǳǜ 
ǡǯǟǴǧǨǼǫ ǮǟǯǟǱǲǚǱǣǷǫ) Ǩǟǧ ǮǯǭǡǯǚǪǪǟǲǟ ǡǯǟǪǪǛǫǟ Ǳǲǥ ǢǧǨǜ ǲǭǳ ǡǩǼǱǱǟ ǮǯǭǡǯǟǪǪǟǲǧǱǪǭǻ ǡǧǟ ǲǥǫ ǣǮǝǩǳǱǥ 
ǚǩǩǷǫ ǮǯǭǠǩǥǪǚǲǷǫ ǺǮǷǰ ǥ ǣǻǯǣǱǥ ǲǷǫ ǯǧǤǼǫ Ǫǥ ǡǯǟǪǪǧǨǜǰ ǣǬǝǱǷǱǥǰ, ǥ ǣǮǝǩǳǱǥ Ǫǥ ǡǯǟǪǪǧǨǼǫ ǱǳǱǲǥǪǚǲǷǫ, ǥ 
ǣǮǝǩǳǱǥ ǮǯǭǠǩǥǪǚǲǷǫ ǟǯǵǧǨǼǫ ǲǧǪǼǫ Ǫǣ ǱǳǫǜǦǣǧǰ ǢǧǟǴǭǯǧǨǛǰ ǣǬǧǱǼǱǣǧǰ, Ǩ.ǟ. ǒǭ ǩǭǡǧǱǪǧǨǺ MATLAB ǣǝǫǟǧ 
ǱǵǣǢǧǟǱǪǛǫǭ ǡǧǟ ǲǥǫ ǟǯǧǦǪǥǲǧǨǜ ǣǮǝǩǳǱǥ ǮǯǭǠǩǥǪǚǲǷǫ Ǳǣ ǟǯǧǦǪǥǲǧǨǜ ǮǣǮǣǯǟǱǪǛǫǥǰ ǟǨǯǝǠǣǧǟǰ (finite-precision 
arithmetic), ǢǥǩǟǢǜ Ǣǣǫ ǠǯǝǱǨǣǧ ǲǥǫ ǟǨǯǧǠǜ ǟǩǩǚ Ǫǧǟ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǣǫǺǰ ǮǯǭǠǩǜǪǟǲǭǰ. ǄǮǧǮǩǛǭǫ, ǣǨǲǺǰ ǟǮǺ 
ǲǧǰ ǛǲǭǧǪǣǰ ǠǧǠǩǧǭǦǜǨǣǰ Ǩǟǧ ǱǳǫǟǯǲǜǱǣǧǰ, ǥ ǡǩǼǱǱǟ ǮǯǭǡǯǟǪǪǟǲǧǱǪǭǻ MATLAB Ǣǝǫǣǧ ǲǥǫ ǣǳǵǛǯǣǧǟ Ǳǲǭǫ ǵǯǜǱǲǥ 
ǫǟ ǲǭ ǣǮǣǨǲǣǝǫǣǧ Ǫǣ ǢǧǨǚ ǲǭǳ ǮǯǭǡǯǚǪǪǟǲǟ [1]. 

 

1.1  ǵȌ ȂȍŬűȆȇȕ ɸŮȍȆȁǼȈȈȌȊ ŰȄȎ MATLAB 

To ǡǯǟǴǧǨǺ ǮǣǯǧǠǚǩǩǭǫ ǲǥǰ MATLAB ǵǷǯǝǤǣǲǟǧ Ǳǣ 3 ǪǛǯǥ: 1) ǒǭ File Access, 2) ǒǭ Command Window, 3) To 
Workspace. 

 

 

V ǋǛǱǟ ǟǮǺ ǲǭ File Access ǲǭǳ MATLAB ǭ ǵǯǜǱǲǥǰ ǪǮǭǯǣǝ ǫǟ ǮǩǭǥǡǥǦǣǝ Ǳǲǭ ǱǻǱǲǥǪǟ ǟǯǵǣǝǷǫ ǲǭǳ 
ǩǣǧǲǭǳǯǡǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ, ǫǟ ǟǫǟǤǥǲǜǱǣǧ ǨǟǦǼǰ Ǩǟǧ ǫǟ ǣǮǧǩǛǬǣǧ ǴǟǨǛǩǭǳǰ Ǯǭǳ ǮǣǯǧǛǵǭǳǫ ǣǨǲǣǩǛǱǧǪǟ ǟǯǵǣǝǟ 
(Scripts) Ǩǟǧ ǱǳǫǟǯǲǜǱǣǧǰ (functions). ǉǟǧ ǲǟ Ǣǻǭ ǜǢǥ ǟǯǵǣǝǷǫ Ǜǵǭǳǫ ǲǥǫ ǨǟǲǚǩǥǬǥ (*.m). 
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V Ǒǲǭ command Window ǭ ǵǯǜǱǲǥǰ ǪǮǭǯǣǝ ǟǮǣǳǦǣǝǟǰ ǫǟ ǡǯǚǶǣǧ ǨǼǢǧǨǟ Ǩǟǧ ǫǟ ǲǭǫ ǣǨǲǣǩǛǱǣǧ ǡǯǟǪǪǜ Ǯǯǭǰ 
ǡǯǟǪǪǜ. 

V ǒǛǩǭǰ, Ǳǲǭ Workspace ǭ ǵǯǜǱǲǥǰ ǪǮǭǯǣǝ ǫǟ ǮǟǯǟǲǥǯǜǱǣǧ ǲǧǰ ǟǫǟǦǛǱǣǧǰ ǲǷǫ ǪǣǲǟǠǩǥǲǼǫ ǨǟǦǼǰ Ǩǟǧ ǲǟ 
ǟǮǭǲǣǩǛǱǪǟǲǟ ǲǷǫ ǮǯǚǬǣǷǫ Ǯǭǳ ǮǯǟǡǪǟǲǭǮǭǝǥǱǣ. 

 

1.2  ǧȄȉȆȌȏȍȂǿŬ ŮȇŰŮȈǽůȆȉȌȏ ȇȗŭȆȇŬ (Script ) ȇŬȆ ůȏȊǼȍŰȄůȄȎ (function )  

ü ǀǯǵǧǨǚ ǭ ǵǯǜǱǲǥǰ ǢǥǪǧǭǳǯǡǣǝ Ǜǫǟǫ ǴǚǨǣǩǭ Ǳǲǭ ǱǻǱǲǥǪǟ ǟǯǵǣǝǷǫ ǲǭǳ ǳǮǭǩǭǡǧǱǲǜ.  

ü ƹǮǣǧǲǟ, ǪǛǱǷ ǲǭǳ  File Acesss ǲǥǰ MATLAB ǣǮǧǩǛǡǣǧ ǟǳǲǺ ǲǭ ǴǚǨǣǩǭ ǮǯǭǨǣǧǪǛǫǭǳ ǫǟ ǟǮǭǦǥǨǣǻǱǣǧ ǲǟ 
ǣǨǲǣǩǛǱǧǪǟ (*.m) Ǯǭǳ Ǧǟ ǢǥǪǧǭǳǯǡǜǱǣǧ. 

ü Ǒǲǥǫ ǪǮǚǯǟ ǣǯǡǟǩǣǝǷǫ ǲǥǰ MATLAB ǣǮǧǩǛǡǣǧ NEW  OScript ǡǧǟ ǫǟ ǢǥǪǧǭǳǯǡǜǱǣǧ ǣǨǲǣǩǛǱǧǪǭ ǟǯǵǣǝǭ 

script ǜ NEW  OFunction ǡǧǟ ǫǟ ǢǥǪǧǭǳǯǡǜǱǣǧ Ǫǧǟ ǱǳǫǚǯǲǥǱǥ. 

 

 

Ǒǲǭ ǣǨǲǣǩǛǱǧǪǭ ǟǯǵǣǝǭ (.m), ǭ ǵǯǜǱǲǥ ǪǮǭǯǣǝ ǫǟ ǢǼǱǣǧ ǭǮǭǧǭǢǜǮǭǲǣ ǺǫǭǪǟ (Ǯǵ. main.m), ǣǫǼ ǲǭ ǺǫǭǪǟ ǲǥǰ 

ǱǳǫǚǯǲǥǱǥǰ Ƿǰ ǟǯǵǣǝǭ (.m) ǮǯǛǮǣǧ ǫǟ ǲǟǳǲǝǤǣǲǟǧ Ǫǣ ǲǭ ǺǫǭǪǟ Ǯǭǳ ǢǥǩǼǦǥǨǣ Ǳǲǭǫ ǨǼǢǧǨǟ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ. 
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1.3  ǬȈǾůȄ ůȏȊǼȍŰȄůȄȎ Ŭɸȕ ŮȇŰŮȈǽůȆȉȌ ŬȍȐŮǿȌ  

Ǒǣ Ǜǫǟ ǣǨǲǣǩǛǱǧǪǭ ǟǯǵǣǝǭ (Ǯǵ. main.m) ǣǨǲǺǰ ǟǮǺ ǲǭ Ǳǻǫǭǩǭ ǲǷǫ ǣǫǲǭǩǼǫ ǪǮǭǯǣǝ ǫǟ ǡǝǫǣǧ Ǩǟǧ ǨǩǜǱǥ ǲǥǰ 
ǱǳǫǚǯǲǥǱǥǰ. ǆ ǨǩǜǱǥ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ Ǫǣ ǲǭ ǺǫǭǪǟ, ǲǭ Ǳǻǫǭǩǭ ǲǷǫ ǭǯǧǱǪǚǲǷǫ Ǯǭǳ ǢǛǵǣǲǟǧ 
ǨǟǦǼǰ Ǩǟǧ Ǫǣ ǲǭ ǱǻǫǭǩǺ ǲǷǫ ǪǣǲǟǠǩǥǲǼǫ Ǯǭǳ ǣǮǧǱǲǯǛǴǣǧ.  

ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ Ǻǲǧ ǦǛǩǭǳǪǣ ǫǟ ǳǩǭǮǭǧǜǱǭǳǪǣ ǲǥǫ ǮǯǺǱǦǣǱǥ ǲǷǫ ǟǯǧǦǪǼǫ 10 Ǩǟǧ 5 Ǫǣ ǵǯǜǱǥ ǱǳǫǚǯǲǥǱǥǰ. ǒǭ ǣǨǲǣǩǛǱǧǪǭ 
ǟǯǵǣǝǭ main.m ǨǟǦǼǰ Ǩǟǧ ǥ ǱǳǫǚǯǲǥǱǥ addition.m ǢǥǪǧǭǳǯǡǭǻǫǲǟǧ Ƿǰ ǣǬǜǰ: 
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1.4  ǦŬůȆȇǽȎ ɸȍǼȋŮȆȎ 

ǎǧ ǠǟǱǧǨǛǰ ǮǯǚǬǣǧǰ [2] ǲǭǳ MATLAB ǵǯǥǱǧǪǭǮǭǧǭǻǫ ǲǟ ǱǻǪǠǭǩǟ Ǯǭǳ Ǵǟǝǫǭǫǲǟǧ Ǳǲǭǫ ǮǝǫǟǨǟ:  

ǑǻǪǠǭǩǭ ǏǯǚǬǥ 

+ ǏǯǺǱǦǣǱǥ 

- ǀǴǟǝǯǣǱǥ 

* ǏǭǩǩǟǮǩǟǱǧǟǱǪǺǰ 

/  ǃǧǟǝǯǣǱǥ 

^ ƽǶǷǱǥ Ǳǣ ǢǻǫǟǪǥ 

 

1.5  ǲȍǼȋŮȆȎ ȏȈȌɸȌȆǾůȆȉŮȎ Ŭɸȕ ůȏȊŬȍŰǾůŮȆȎ ȁȆȁȈȆȌȅǾȇȄȎ 

ǎǧ ǮǯǚǬǣǧǰ Ǯǭǳ ǣǝǫǟǧ ǳǩǭǮǭǧǜǱǧǪǣǰ ǟǮǺ ǱǳǫǟǯǲǜǱǣǧǰ ǠǧǠǩǧǭǦǜǨǥǰ [1] ǲǭǳ MATLAB Ǵǟǝǫǭǫǲǟǧ Ǳǲǭǫ ǮǝǫǟǨǟ:  

ǑǳǫǚǯǲǥǱǥ ǄǯǪǥǫǣǝǟ 

sin ǥǪǝǲǭǫǭ 

cos ǱǳǫǥǪǝǲǭǫǭ 

tan ǣǴǟǮǲǭǪǛǫǥ 

asin ǲǺǬǭ ǥǪǧǲǺǫǭǳ 

acos ǲǺǬǭ ǱǳǫǥǪǝǲǭǫǭǳ 

atan ǲǺǬǭ ǣǴǟǮǲǭǪǛǫǥǰ 

exp ǣǨǦǣǲǧǨǜ ǱǳǫǚǯǲǥǱǥ 

log ǴǳǱǧǨǺǰ ǩǭǡǚǯǧǦǪǭǰ 

log10 ǩǭǡǚǯǧǦǪǭǰ Ǫǣ ǠǚǱǥ ǲǭ 10 

abs ǟǮǺǩǳǲǥ ǲǧǪǜ 

sqrt ǲǣǲǯǟǡǷǫǧǨǜ ǯǝǤǟ 

mod ǮǯǭǱǥǪǟǱǪǛǫǭ ǳǮǺǩǭǧǮǭ ǢǧǟǝǯǣǱǥǰ (modulus) 

rem ǳǮǺǩǭǧǮǭ ǢǧǟǝǯǣǱǥǰ 

round ǱǲǯǭǡǡǳǩǭǮǭǝǥǱǥ Ǳǲǭǫ ǮǩǥǱǧǛǱǲǣǯǭ ǟǨǛǯǟǧǭ 

ceil ǱǲǯǭǡǡǳǩǭǮǭǝǥǱǥ Ǳǲǭǫ ǟǪǛǱǷǰ Ǫǣǡǟǩǻǲǣǯǭ ǟǨǛǯǟǧǭ 

floor ǱǲǯǭǡǡǳǩǭǮǭǝǥǱǥ Ǯǯǭǰ ǲǭ Ǫǣǝǭǫ ǚǮǣǧǯǭ 

fix ǱǲǯǭǡǡǳǩǭǮǭǝǥǱǥ Ǯǯǭǰ ǲǭ ǪǥǢǛǫ 

 

1.6  ǨȆŭȆȇǽȎ ůŰŬȅŮȍǽȎ ȇŬȆ ȉŮŰŬȁȈȄŰǽȎ 

ǎǧ ǣǧǢǧǨǛǰ ǱǲǟǦǣǯǛǰ Ǩǟǧ ǪǣǲǟǠǩǥǲǛǰ [2] ǲǭǳ MATLAB Ǵǟǝǫǭǫǲǟǧ Ǳǲǭǫ ǮǝǫǟǨǟ:  

ǑǲǟǦǣǯǚ ǜ ǪǣǲǟǠǩǥǲǛǰ ǄǯǪǥǫǣǝǟ 

ans ǥ Ǯǧǭ ǮǯǺǱǴǟǲǥ ǲǧǪǜ 

eps ǱǵǣǲǧǨǜ ǟǨǯǝǠǣǧǟ Ǩǧǫǥǲǜǰ ǳǮǭǢǧǟǱǲǭǩǜǰ 

i ǴǟǫǲǟǱǲǧǨǜ ǪǭǫǚǢǟ 

inf ǚǮǣǧǯǭ 

NaN  Ǫǥ ǟǯǧǦǪǺǰ (not a number) 

pi Ǯ 
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1.7  Ǫ ŮȊŰȌȈǾ if 

ǆ ǣǫǲǭǩǜ if Ǫǟǰ ǣǮǧǲǯǛǮǣǧ ǫǟ ǣǩǛǡǬǭǳǪǣ ǟǫ Ǫǧǟ (ǜ ǮǣǯǧǱǱǺǲǣǯǣǰ) ǱǳǫǦǜǨǣǰ ǧǱǵǻǭǳǫ Ǩǟǧ ǫǟ ǣǨǲǣǩǛǱǭǳǪǣ Ǳǣ ǨǚǦǣ 
ǮǣǯǝǮǲǷǱǥ ǲǥǫ ǣǮǧǦǳǪǥǲǜ ǟǨǭǩǭǳǦǝǟ ǣǫǲǭǩǼǫ Ǩǟǧ ǮǯǚǬǣǷǫ [2]. ǆ ǣǫǲǭǩǜ Ǜǵǣǧ ǲǥ ǡǣǫǧǨǜ ǪǭǯǴǜ:  

if  relation _1 
statement ( s)  
elseif  relation_2  
 statement(s)  
else  
 statement(s)  
end   

ǎǧ ǱǳǫǦǜǨǣǰ ǣǩǛǡǵǭǫǲǟǧ Ǫǣ ǲǥ ǵǯǜǱǥ ǱǵǣǱǧǟǨǼǫ Ǩǟǧ ǩǭǡǧǨǼǫ ǲǣǩǣǱǲǼǫ. ǑǥǪǣǧǼǫǭǳǪǣ ǣǮǝǱǥǰ Ǻǲǧ ǥ ǣǫǲǭǩǜ elseif 
ǡǯǚǴǣǲǟǧ Ǳǟǫ Ǫǧǟ ǩǛǬǥ (Ǣǣǫ ǮǯǛǮǣǧ ǫǟ ǳǮǚǯǵǣǧ ǨǣǫǺ ǪǣǲǟǬǻ ǲǭǳ else Ǩǟǧ ǲǭǳ if). ǆ ǟǮǩǭǻǱǲǣǯǥ ǪǭǯǴǜ ǲǥǰ ǣǫǲǭǩǜǰ 
if ǣǝǫǟǧ ǥ Ǯǧǭ ǨǚǲǷ:  

if  relation  
 state ment(s)  
end   

 

1.8  Ǫ ŮȊŰȌȈǾ switch  

ǆ ǣǫǲǭǩǜ switch-case Ǫǟǰ Ǣǝǫǣǧ ǲǥ ǢǳǫǟǲǺǲǥǲǟ ǫǟ ǣǮǧǩǛǬǭǳǪǣ ǡǧǟ ǣǨǲǛǩǣǱǥ Ǫǧǟ ǭǪǚǢǟ ǣǫǲǭǩǼǫ ǟǮǺ ǚǩǩǣǰ ǮǧǦǟǫǛǰ 
ǭǪǚǢǣǰ [2]. ǆ ǡǣǫǧǨǜ ǲǥǰ ǢǭǪǜ Ǜǵǣǧ Ƿǰ ǣǬǜǰ: 

switch  switch_expression  
 case  value_1  
 statement(s)  
 case  value_2  
 statement(s)  
 case  value_3  
 statement(s)  
.  
.  
.  
otherwise  
 statement(s)  
end    

ǆ ǮǯǼǲǥ ǡǯǟǪǪǜ ǮǣǯǧǛǵǣǧ ǲǥǫ ǩǛǬǥ ǨǩǣǧǢǝ switch, ǟǨǭǩǭǳǦǭǻǪǣǫǥ ǟǮǺ ǲǭ ǺǫǭǪǟ switch_expression, Ǯǭǳ Ǧǟ 
ǢǼǱǭǳǪǣ ǣǪǣǝǰ, ǲǭ ǭǮǭǝǭ ǪǮǭǯǣǝ ǫǟ ǣǝǫǟǧ ǠǟǦǪǷǲǜ ǮǭǱǺǲǥǲǟ, ǟǩǴǟǯǧǦǪǥǲǧǨǺ, ǜ ǟǨǺǪǟ Ǩǟǧ ǪǟǦǥǪǟǲǧǨǜ ǮǟǯǚǱǲǟǱǥ 
Ǫǣ ǮǯǭǨǟǦǭǯǧǱǪǛǫǣǰ ǪǣǲǟǠǩǥǲǛǰ Ǯǭǳ ǪǮǭǯǣǝ ǫǟ Ǯǚǯǣǧ Ǫǧǟ ǲǧǪǜ.  

ǋǣǲǚ ǟǮǺ ǲǭ switch, ǟǨǭǩǭǳǦǭǻǫ ǭǧ ǢǧǚǴǭǯǣǰ ǣǫǲǭǩǛǰ case. ǆ ǨǚǦǣ Ǫǧǟ Ǜǵǣǧ Ǜǫǟ ǺǫǭǪǟ (Ǯ.ǵ. value _1, value_2 
ǨǩǮ) ǲǭ ǭǮǭǝǭ ǪǮǭǯǣǝ ǫǟ ǣǝǫǟǧ ǠǟǦǪǷǲǜ ǮǭǱǺǲǥǲǟ ǜ ǟǩǴǟǯǧǦǪǥǲǧǨǺ, Ǩǟǧ Ǫǣǲǚ ǟǨǭǩǭǳǦǭǻǫ ǭǧ ǣǫǲǭǩǛǰ Ǯǭǳ Ǧǟ 
ǣǨǲǣǩǣǱǲǭǻǫ ǟǫ ǠǯǣǦǭǻǪǣ Ǳǲǥ ǱǳǡǨǣǨǯǧǪǛǫǥ ǮǣǯǝǮǲǷǱǥ. 

ǋǣǲǚ ǲǥǫ ǲǣǩǣǳǲǟǝǟ ǮǣǯǝǮǲǷǱǥ/ǣǫǲǭǩǜ case, ǟǨǭǩǭǳǦǣǝ ǥ ǮǯǭǟǧǯǣǲǧǨǜ ǮǣǯǝǮǲǷǱǥ/ǣǫǲǭǩǜ otherwise ǲǥǰ ǭǮǭǝǟǰ ǭǧ 
ǣǫǲǭǩǛǰ Ǧǟ ǣǨǲǣǩǣǱǲǭǻǫ ǟǫ ǨǟǪǧǚ ǟǮǺ ǲǧǰ ǮǯǭǥǡǭǻǪǣǫǣǰ ǮǣǯǧǮǲǼǱǣǧǰ Ǣǣǫ ǧǱǵǻǣǧ.  

Ǒǣ ǟǫǲǝǦǣǱǥ Ǫǣ ǚǩǩǣǰ ǡǩǼǱǱǣǰ ǮǯǭǡǯǟǪǪǟǲǧǱǪǭǻ (ǺǮǷǰ, Ǯ.ǵ. ǥ C), Ǳǲǥ MATLAB Ǣǣǫ ǵǯǣǧǚǤǣǲǟǧ ǫǟ ǢǧǟǨǺǶǭǳǪǣ 
ǲǥ ǯǭǜ ǲǥǰ ǢǭǪǜǰ Ǫǣǲǚ ǟǮǺ ǨǚǦǣ case, Ǫǧǟ Ǩǟǧ ǟǳǲǺ Ǧǟ ǡǝǫǣǧ ǟǳǲǺǪǟǲǟ ǟǴǭǻ Ǫǧǟ ǟǮǺ ǲǧǰ ǮǣǯǧǮǲǼǱǣǧǰ Ǜǵǣǧ 
ǣǮǟǩǥǦǣǳǲǣǝ.  
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1.9  ǦȍȕȐȌȆ for  

ǎǧ ǠǯǺǵǭǧ for Ǜǵǭǳǫ ǲǥǫ ǣǬǜǰ ǢǭǪǜ [2]: 

for  index = initial value (: step) : final value  
 statements  
end   

ǎǧ ǩǛǬǣǧǰ òforó Ǩǟǧ òendó ǵǯǥǱǧǪǭǮǭǧǭǻǫǲǟǧ Ǳǲǥǫ ǟǯǵǜ Ǩǟǧ Ǳǲǭ ǲǛǩǭǰ ǲǭǳ ǠǯǺǵǭǳ, ǭ Ǫǣǲǯǥǲǜǰ index Ǯǟǝǯǫǣǧ ǲǧǰ 
ǲǧǪǛǰ ǟǮǺ initial value ǪǛǵǯǧ final value Ǫǣ ǠǜǪǟ step, Ǩǟǧ ǭǧ ǣǫǲǭǩǛǰ (statements) ǣǨǲǣǩǭǻǫǲǟǧ ǡǧǟ Ǻǩǣǰ ǲǧǰ ǲǧǪǛǰ 
ǲǭǳ Ǫǣǲǯǥǲǜ index. ǀǫ ǮǟǯǟǩǣǝǶǭǳǪǣ ǲǭ ǠǜǪǟ, ǲǺǲǣ ǥ MATLAB ǵǯǥǱǧǪǭǮǭǧǣǝ ǲǭ 1 Ǳǟǫ ǠǜǪǟ.  

 

1.10  ǦȍȕȐȌȆ while  

ǎǧ ǠǯǺǵǭǧ while ǣǝǫǟǧ ǲǥǰ ǪǭǯǴǜǰ [2]:  

while  relation  
 statements  
end   

ǎǧ ǩǛǬǣǧǰ òwhileó Ǩǟǧ òendó ǵǯǥǱǧǪǭǮǭǧǭǻǫǲǟǧ Ǳǲǥǫ ǟǯǵǜ Ǩǟǧ Ǳǲǭ ǲǛǩǭǰ ǲǭǳ ǠǯǺǵǭǳ. ǆ ǟǨǭǩǭǳǦǝǟ ǣǫǲǭǩǼǫ 
çstatementsè ǣǨǲǣǩǭǻǫǲǟǧ ǣǴǺǱǭǫ ǥ ǱǳǫǦǜǨǥ relation ǧǨǟǫǭǮǭǧǣǝǲǟǧ (Ǣǥǩ. ǣǝǫǟǧ ǟǩǥǦǜǰ) Ǩǟǧ ǱǲǟǪǟǲǭǻǫ Ǻǲǟǫ ǟǳǲǜ 
Ǯǟǻǣǧ ǫǟ ǧǱǵǻǣǧ  
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2  ǴȏůŰǾȉŬŰŬ ũȍŬȉȉȆȇȗȊ ǨȋȆůȗůŮȒȊ 
 

2.1  ǨȆůŬȂȒȂǾ 

ƹǫǟ ǱǻǱǲǥǪǟ ǡǯǟǪǪǧǨǼǫ ǣǬǧǱǼǱǣǷǫ ǡǯǚǴǣǲǟǧ Ǳǣ ǟǫǟǩǳǲǧǨǜ ǪǭǯǴǜ Ƿǰ ǣǬǜǰ: 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

,

,

.

n n

n n

n n nn n n

a x a x a x b

a x a x a x b

a x a x a x b

+ + + =

+ + + =

+ + + =

 (1.1) 

ƼǮǭǳ, ǭǧ ǮǯǟǡǪǟǲǧǨǭǝ ǜ ǪǧǡǟǢǧǨǭǝ ǟǯǧǦǪǭǝ  , 1,..., , 1,...,ija i n j n= =  ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǭǫǭǪǚǤǭǫǲǟǧ ǱǳǫǲǣǩǣǱǲǛǰ 

ǲǷǫ ǟǡǫǼǱǲǷǫ ǜ ǪǣǲǟǠǩǥǲǼǫ Ǩǟǧ ǎǧ ǮǯǟǡǪǟǲǧǨǭǝ ǜ ǪǧǡǟǢǧǨǭǝ ǟǯǧǦǪǭǝ , 1,...,ib i n=  ǭǫǭǪǚǤǭǫǲǟǧ Ǣǣǻǲǣǯǟ ǪǛǩǥ 

ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ [3]. 

ǕǯǥǱǧǪǭǮǭǧǼǫǲǟǰ ǪǥǲǯǼǟ, ǲǭ ǱǻǱǲǥǪǟ ǡǯǟǪǪǧǨǼǫ ǣǬǧǱǼǱǣǷǫ (1.1), ǢǧǚǱǲǟǱǥǰ n ǡǯǚǴǣǲǟǧ Ƿǰ: 

,Ax b=   (1.2) 

11 12 1 1 1

21 22 2 2 2

1 2

, , .

n

n

n n nn n n

a a a x b

a a a x b
A x b

a a a x b

è ø è ø è ø
é ù é ù é ù
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù
ê ú ê ú ê ú

 (1.3) 

2.1.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǭ ǮǟǯǟǨǚǲǷ ǱǻǱǲǥǪǟ ǡǯǟǪǪǧǨǼǫ ǣǬǧǱǼǱǣǷǫ 3  ǢǧǟǱǲǚǱǣǷǫ:  

 

 

 

ǲǺǲǣ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ ǪǮǭǯǣǝ ǫǟ ǟǫǟǮǟǯǟǱǲǟǦǣǝ Ǳǲǥǫ ǪǭǯǴǜ Ax b= , Ƿǰ ǣǬǜǰ: 

1

2

3

1 2 3 2

4 5 6 , , 4 .

7 8 9 5

x

A x x b

x

è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> A=[1,2,3;4,5,6;7,8,9];  

>> syms x1 ;  

>> syms x3 ;  

>> x=[x1,x2,x3];  

>> b=[2,4,5];  

 

1 2 3

1 2 3

1 2

1 2 2 2,

4 5 6 4,

7 8 9 5n

x x x

x x x

x x x

+ + =

+ + =

+ + =
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2.2  ǥȊǼůŰȍȌűȌ ȉȄŰȍȗȌ 

ǀǫǚǱǲǯǭǴǭ ǪǥǲǯǼǭ [3] ǣǫǺǰ ǪǥǲǯǼǭǳ ( )
,

,

m n

ij i j
A a=   ǭǯǝǤǣǲǟǧ ǲǭ ǪǥǲǯǼǭ ( )

,

,

n m
T

ji j i
A a= , ǢǥǩǟǢǜ, ǡǧǟ Ǜǫǟ ǮǝǫǟǨǟ 

ǢǧǚǱǲǟǱǥǰ 4,   

11 12 13 14 11 21 31 41

21 22 23 24 12 22 32 42

31 32 33 34 13 23 33 43

41 42 43 44 14 24 34 44

   ȷ =  , 

a a a a a a a a

a a a a a a a a

a a a a a a a a

a a a a a a a a

T

è ø è ø
é ù é ù
é ù é ùA= ­
é ù é ù
é ù é ù
ê ú ê ú

 (1.4) 

ǒǟ Ǳǲǭǧǵǣǝǟ ǲǷǫ ǡǯǟǪǪǼǫ ǲǭǳ A  ǡǝǫǭǫǲǟǧ Ǳǲǭǧǵǣǝǟ ǲǷǫ ǱǲǥǩǼǫ ǲǭǳ TA ǣǫǼ ǲǟ Ǳǲǭǧǵǣǝǟ ǲǷǫ ǱǲǥǩǼǫ ǲǭǳ TA

ǡǝǫǭǫǲǟǧ Ǳǲǭǧǵǣǝǟ ǲǷǫ ǡǯǟǪǪǼǫ ǲǭǳ A . 

ǑǥǪǣǝǷǱǥ: 

V ǒǭ ǪǥǲǯǼǭ A  ǡǧǟ ǲǭ ǭǮǭǝǭ ǧǱǵǻǣǧ ǥ ǧǱǺǲǥǲǟ = TA A  ǭǫǭǪǚǤǣǲǟǧ ǱǳǪǪǣǲǯǧǨǺ ǪǥǲǯǼǭ.  

2.2.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǁǯǝǱǨǭǳǪǣ ǲǭ ǟǫǚǱǲǯǭǴǭ ǪǥǲǯǼǭ ǲǭǳ ǪǥǲǯǼǭ A  ǲǭǳ ǮǯǭǥǡǭǻǪǣǫǭǳ ǮǟǯǟǢǣǝǡǪǟǲǭǰ: 

1 2 3 1 4 7

4 5 6 2 5 8

7 8 9 3 6 9

T

è ø è ø
é ù é ù
= ­ =
é ù é ù
é ù é ùê ú ê ú

A A  

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> A=A';  

ɐ 

>> A=transpose(A);  

 

2.3  ǝȅȍȌȆůȉŬ ȉȄŰȍȗȒȊ 

Ǘǰ ǚǦǯǭǧǱǪǟ Ǣǻǭ ǪǥǲǯǼǷǫ ( ) (),ij ijA a B b= =  ǝǢǧǭǳ ǪǣǡǛǦǭǳǰ m n³  ǭǯǝǤǣǲǟǧ ǲǭ ǪǥǲǯǼǭ ()ijC c=  ǪǣǡǛǦǭǳǰ  

m n³  ǲǭǳ ǭǮǭǝǭǳ ǲǟ Ǳǲǭǧǵǣǝǟ ǭǯǝǤǭǫǲǟǧ Ƿǰ ǣǬǜǰ: 

, 1,..., , 1,...,ij ij ijc a b i m j n= + = =  (1.5) 

2.3.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǟ A  ǨǟǧB : 

 

1 2 3 5 2 2

4 5 6 , 4 8 1

7 8 9 3 5 2

è ø è ø
é ù é ù
= =
é ù é ù
é ù é ùê ú ê ú

A B , 

ǲǺǲǣ, 
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1 2 3 5 2 2 6 4 5

4 5 6 4 8 1 8 13 7

7 8 9 3 5 2 10 13 11

è ø è ø è ø
é ù é ù é ù

= + = + =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

C A B . 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> A=[1,2,3;4,5,6;7,8,9];  

>> B=[5,2,2;4 ,8 ,1;3,5,2 ];  

>> C=A+ B;  

 

2.4  ũȆȊȕȉŮȊȌ ȉȄŰȍȗȒȊ 

ǀǫ ǲǭ ǮǯǼǲǭ ǪǥǲǯǼǭ A  ǣǝǫǟǧ ǪǣǡǛǦǭǳǰ m p³  Ǩǟǧ ǮǭǩǩǟǮǩǟǱǧǟǱǲǣǝ Ǫǣ ǲǭ Ǣǣǻǲǣǯǭ ǪǥǲǯǼǭ ǪǣǡǛǦǭǳǰ ,p n³              

ǲǭ ǡǧǫǺǪǣǫǭ ǲǷǫ ǪǥǲǯǼǷǫ [3] ǱǳǪǠǭǩǝǤǣǲǟǧ Ƿǰ C AB=   Ǩǟǧ ǲǭ ǪǥǲǯǼǭ C  ǪǣǡǛǦǭǳǰ m n³  Ǫǣ Ǳǲǭǧǵǣǝǟ: 

() () ()
1

, 1 1 , 1,..., ,
p

ij i j ik kj

k

c g A s B a b i m j n
=

= =  = =ä   (1.6) 

ǺǮǭǳ ǲǭ ǢǧǚǫǳǱǪǟ ()ig A  ǱǳǪǠǭǩǝǤǣǧ ǲǥǫ i -ǭǱǲǜ ǡǯǟǪǪǜ ǲǭǳ ǪǥǲǯǼǭǳAǣǫǼ ǲǭ ǢǧǚǫǳǱǪǟ ()js B  ǱǳǪǠǭǩǝǤǣǧ 

ǲǥǫ j -ǭǱǲǜ Ǳǲǜǩǥ ǲǭǳ ǪǥǲǯǼǭǳ .B  ǄǮǭǪǛǫǷǰ, ǲǭ Ǳǲǭǧǵǣǝǭ 
ijc ǲǭǳ ǡǧǫǭǪǛǫǭǳ ǮǯǭǨǻǮǲǣǧ ǟǫ ǟǦǯǭǝǱǭǳǪǣ ǲǟ 

ǣǮǧǪǛǯǭǳǰ ǡǧǫǺǪǣǫǟ ǲǥǰ [ǡǯǟǪǪǜǰ i  ǲǭǳ A] ǣǮǝ ǲǟ ǟǫǲǝǱǲǭǧǵǟ Ǳǲǭǧǵǣǝǟ ǲǥǰ [Ǳǲǜǩǥǰ j  ǲǭǳ B ].  

ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǟ A  Ǩǟǧ B : 

1 2 3 1 4

4 5 6 , 5 8

7 8 9 6 3

A

è ø è ø
é ù é ù
=  B=
é ù é ù
é ù é ùê ú ê ú

, 

ǲǺǲǣ, 

1 2 3 1 4 (1*1 2*5 3*6) (1*4 2*8 3*3) 29 29

4 5 6 5 8 (4*1 5*5 6*6) (4*4 5*8 6*3) 65 74

7 8 9 6 3 (7*7 8*5 9*6) (7*4 8*8 9*3) 101 119

+ + + +è øè ø è ø è ø
é ùé ù é ù é ù

= ­ = = + + + + =
é ùé ù é ù é ù
é ùé ù é ù é ù+ + + +ê úê ú ê ú ê ú

C AB C . 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> A=[1,2,3;4,5,6;7,8,9];  

>> B=[1,4;5,8;6,3];  

>> C=A*B;  
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2.5  ǵǼȋȄ ȉȄŰȍȗȌȏ 

ǒǭ ǮǩǜǦǭǰ ǲǷǫ ǡǯǟǪǪǧǨǼǫ ǟǫǣǬǚǯǲǥǲǷǫ ǢǧǟǫǳǱǪǚǲǷǫ ǲǟ ǭǮǭǝǟ ǟǮǭǲǣǩǭǻǫ Ǜǫǟ ǪǥǲǯǼǭ A  ǩǛǡǣǲǟǧ ǲǚǬǥ ǲǭǳ 

ǪǥǲǯǼǭǳ [3] Ǩǟǧ ǱǳǪǠǭǩǝǤǣǲǟǧ Ƿǰ ()rank A . 

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǭ A : 

1 0 3

0 1 2

0 0 0

A

è ø
é ù
=
é ù
é ùê ú

, 

ǲǺǲǣ ǥ ǲǚǬǥ ǲǭǳ ǪǥǲǯǼǭǳ Aǣǝǫǟǧ 2 ǣǴǺǱǭǫ [ ] [ ] [ ]3 2= +Ǳǲǜǩǥ 3 Ǳǲǜǩǥ 1 Ǳǲǜǩǥ 2 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> rank (A) ;  

  

2.6  ǱȍǿȃȌȏůŬ ȉȄŰȍȗȌȏ 

ǆ ǭǯǝǤǭǳǱǟ [3] ǣǫǺǰ ǲǣǲǯǟǡǷǫǧǨǭǻ ǪǥǲǯǼǭǳ A, ǱǳǪǠǭǩǝǤǣǲǟǧ (det( )A ) Ǩǟǧ ǭǯǝǤǣǲǟǧ Ƿǰ ǲǭ ǚǦǯǭǧǱǪǟ ǺǩǷǫ ǲǷǫ 

ǮǯǭǱǥǪǟǱǪǛǫǷǫ ǱǲǭǧǵǣǧǷǢǼǫ ǡǧǫǭǪǛǫǷǫ ǟǮǺ ǲǭA . 

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǭA : 

11 12 13

21 22 23

31 32 33

a a a

A a a a

a a a

è ø
é ù
=
é ù
é ùê ú

, 

ǲǺǲǣ, 

11 22 33 23 32 12 21 33 23 31 13 21 32 22 31det(A) ( ) ( ) ( )a a a a a a a a a a a a a a a= - - - + -  (1.7) 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> det (A) ;  

 

2.7  ǫŭȆȌŰȆȉǽȎ ȇŬȆ ȆŭȆȌŭȆŬȊȖůȉŬŰŬ ȉȄŰȍȗȌȏ 

ǀǫ ǭ A  ǣǝǫǟǧ Ǜǫǟ n n³  ǪǥǲǯǼǭ, ǲǺǲǣ Ǜǫǟ Ǫǥ ǪǥǢǣǫǧǨǺ ǢǧǚǫǳǱǪǟ x  ǟǮǭǲǣǩǣǝ ǧǢǧǭǢǧǚǫǳǱǪǟ [3] ǲǭǳ A  ǟǫ ǲǭ Ax
ǣǝǫǟǧ ǠǟǦǪǷǲǺ ǮǭǩǩǟǮǩǚǱǧǭ ǲǭǳ x : 

Ax xl= , ǺǮǭǳl ǨǚǮǭǧǟ ǧǢǧǭǲǧǪǜ ǲǭǳ A  

ǜ ( I ) 0Ax x Ax x A xl l l= ­ = I ­ - = (1.8) 

2.7.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǭA : 

3 0

8 1
A
è ø
=é ù

-ê ú
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ǲǺǲǣ ǲǭ 
1

2
x
è ø
=é ù
ê ú

 ǣǝǫǟǧ ǧǢǧǭǢǧǚǫǳǱǪǟ ǲǭǳ A  ǣǴǺǱǭǫ: 

3 0 1 3
3

8 1 2 6
Ax x

è øè ø è ø
= = =é ùé ù é ù

-ê úê ú ê ú
, 3l=  

ǇǣǷǯǭǻǪǣ ǲǟ ǪǥǲǯǼǭA : 

3 2
,

1 0
A
è ø
=é ù
-ê ú

 

ǲǺǲǣ, 

1 0 3 2 3 2
,

0 1 1 0 1

l
l l

l

- -è ø è ø è ø
I-A= - =é ù é ù é ù

-ê ú ê ú ê ú
 

ǲǭ ǵǟǯǟǨǲǥǯǧǱǲǧǨǺ ǮǭǩǳǼǫǳǪǭ ǲǭǳ A  ǣǝǫǟǧ: 

2
3 2

det( ) det 3 2
1

l
l l l

l

å - - õè ø
I-A = = - +æ öé ù

ê úç ÷
. 

ǑǳǫǣǮǼǰ ǭǧ ǩǻǱǣǧǰ ǲǧǰ ǣǬǝǱǷǱǥǰ ǣǝǫǟǧ 1 1l=  Ǩǟǧ 2 2l= ǟǮǭǲǣǩǭǻǫ Ǩǟǧ ǲǧǰ ǧǢǧǭǲǧǪǛǰ ǲǭǳ A . 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> ȷ=[3,2 ; - 1,0];  

>> eig(A) ;  

 

2.8  ǥȊŰǿůŰȍȌűȌ ȉȄŰȍȗȌ 

ǂǧǟ Ǜǫǟ ǲǣǲǯǟǡǷǫǧǨǺ ǪǥǲǯǼǭ A  ǺǮǭǳ det( ) 0A ¸  ǳǮǚǯǵǣǧ ǲǭ 1,A- ǲǛǲǭǧǭ ǼǱǲǣ 
1-A A=I. ǒǭ 

1A-  ǭǫǭǪǚǤǣǲǟǧ 

ǟǫǲǝǱǲǯǭǴǭ ǪǥǲǯǼǭ [3] ǲǭǳA. ǒǭ ǪǥǲǯǼǭ I ǭǫǭǪǚǤǣǲǟǧ ǪǭǫǟǢǧǟǝǭ ǪǥǲǯǼǭ Ǩǟǧ Ǜǵǣǧ ǲǥǫ ǲǧǪǜ 1 Ǳǲǟ Ǳǲǭǧǵǣǝǟ ǲǧǰ 
Ǩǻǯǧǟ ǢǧǟǡǼǫǧǭǳ ǲǭǳ Ǩǟǧ Ǳǣ Ǻǩǟ ǲǟ ǳǮǺǩǭǧǮǟ ǪǥǢǣǫǧǨǛǰ ǲǧǪǛǰ. 

ǑǥǪǣǝǷǱǥ: 

V ǂǧǟ ǢǧǟǡǼǫǧǭ ǪǥǲǯǼǭ ǭ ǟǫǲǝǱǲǯǭǴǭǰ ǭǯǝǤǣǲǟǧ ǲǭ ǢǧǟǡǼǫǧǭ ǪǥǲǯǼǭ Ǫǣ ǟǫǲǝǱǲǯǭǴǟ ǲǟ Ǳǲǭǧǵǣǝǟ ǲǥǰ 
ǢǧǟǡǼǫǧǭǳ. 

1

2 0 0 1/ 2 0 0

0 3 0 0 1/ 3 0

0 0 4 0 0 1/ 4

-

è ø è ø
é ù é ù
= ­ =
é ù é ù
é ù é ùê ú ê ú

A A . 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

>> inv(A) ;  
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2.9  ǨɸǿȈȏůȄ ůȏůŰǾȉŬŰȌȎ ȂȍŬȉȉȆȇȗȊ ŮȋȆůȗůŮȒȊ 

ǃǣǢǭǪǛǫǭǳ ǲǭǳ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ ǲǥǰ ǪǭǯǴǜǰ ,Ax b=  ǪǮǭǯǭǻǪǣ ǫǟ ǭǯǝǱǭǳǪǣ ǲǥ ǩǻǱǥ ǲǭǳ Ƿǰ ǣǬǜǰ [3]: 

Ax b=   
1A-½½­  

1 1A Ax A b- -=  
1A A I- =½½½­  

1x A b-= . (1.9) 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB :  

>> x = A \ B;  

ɐ 

>> x = mldivide(A,B)  

 

2.10  ǥɸŬȈȌȆűǾ Gauss 

ǃǣǢǭǪǛǫǭǳ ǲǭǳ ǮǯǭǠǩǜǪǟǲǭǰ Ax b= , ǥ ǟǮǟǩǭǧǴǜ Gauss ǣǝǫǟǧ Ǫǧǟ ǮǣǮǣǯǟǱǪǛǫǥ ǣǮǟǫǟǩǥǮǲǧǨǜ ǢǧǟǢǧǨǟǱǝǟ 
ǟǮǩǭǮǭǝǥǱǥǰ Ǯǭǳ ǣǮǧǢǯǚ ǮǚǫǷ Ǳǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ ǮǯǭǨǣǧǪǛǫǭǳ ǫǟ ǲǭ ǴǛǯǣǧ Ǳǣ Ǫǧǟ ǨǟǲǚǱǲǟǱǥ ǟǮǺ ǲǥǫ ǭǮǭǝǟ 

ǣǝǫǟǧ ǟǯǨǣǲǚ çǣǻǨǭǩǭè ǫǟ ǠǯǣǦǣǝ ǲǭ ǢǧǚǫǳǱǪǟ ǲǥǰ ǩǻǱǥǰx [4].  

ǆ ǪǛǦǭǢǭǰ ǟǮǟǩǭǧǴǜǰ ǲǭǳ Gauss ǠǟǱǝǤǣǲǟǧ Ǳǲǧǰ ǣǬǜǰ ǧǢǧǺǲǥǲǣǰ ǲǷǫ ǡǯǟǪǪǧǨǼǫ ǱǳǱǲǥǪǚǲǷǫ: 

V ǟǫ ǟǫǲǧǪǣǲǟǲǣǦǭǻǫ Ǣǻǭ ǭǮǭǧǣǱǢǜǮǭǲǣ ǣǬǧǱǼǱǣǧǰ ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ 

V ǟǫ ǮǭǩǩǟǮǩǟǱǧǟǱǲǣǝ Ǫǝǟ ǣǬǝǱǷǱǥ ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǣǮǝ Ǜǫǟǫ ǟǯǧǦǪǺ cÍ ǲǛǲǭǧǭǫ ǼǱǲǣ 0,c¸  

V ǟǫ ǟǫǲǧǨǟǲǟǱǲǟǦǣǝ Ǫǝǟ ǣǬǝǱǷǱǥ ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ Ǫǣ ǲǭ ǚǦǯǭǧǱǪǟ ǟǳǲǜǰ Ǩǟǧ Ǫǧǟǰ ǚǩǩǥǰ ǮǭǩǩǟǮǩǟǱǧǟǱǪǛǫǥǰ 

ǣǮǝ Ǜǫǟǫ ǟǯǧǦǪǺ cÍ  ǲǛǲǭǧǭǫ ǼǱǲǣ 0,c¸  

ǲǺǲǣ ǮǯǭǨǻǮǲǣǧ Ǜǫǟ ǱǻǱǲǥǪǟ: 

,A x b¡ ¡=   (1.10) 

ǲǭ ǭǮǭǝǭ ǣǝǫǟǧ ǧǱǭǢǻǫǟǪǭ Ǫǣ ǲǭ ǟǯǵǧǨǺ ǱǻǱǲǥǪǟ, Ǫǣ ǲǥǫ Ǜǫǫǭǧǟ Ǻǲǧ Ǜǵǭǳǫ ǲǥǫ ǝǢǧǟ ǩǻǱǥ, ǟǩǩǚ ǥ ǣǬǟǡǷǡǜ ǲǥǰ ǩǻǱǥǰ 

x  ǣǝǫǟǧ ǮǯǭǴǟǫǜǰ Ǳǣ ǱǵǛǱǥ Ǫǣ ǲǥǫ ǟǯǵǧǨǜ ǨǟǲǚǱǲǟǱǥ ǲǭǳ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰAx b= . 

ǂǧǟ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟAx b=  ǧǱǵǻǣǧ: 

11 12 1 1 1

21 22 2 2 2

1 2

, , ,

n

n

n n nn n n

a a a x b

a a a x b
A x b

a a a x b

è ø è ø è ø
é ù é ù é ù
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù
ê ú ê ú ê ú

  (1.11) 

ǥ ǟǮǟǩǭǧǴǜ Gauss ǴǛǯǣǧ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ Ǳǲǥǫ ǟǮǩǭǮǭǧǥǪǛǫǥ ǪǭǯǴǜA x b¡ ¡= : 

11 12 1 1 1

22 2 2 2

' ' ' '

0 ' '
' , , ' ,

0 0 ' '

n

n

nn n n

a a a x b

a a x b
A x b

a x b

è ø è ø è ø
é ù é ù é ù
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù
ê ú ê ú ê ú

  (1.12) 

ƼǮǭǳ ǭ A¡ǣǝǫǟǧ ǚǫǷ ǲǯǧǡǷǫǧǨǺ (Ǻǩǟ ǲǟ Ǳǲǭǧǵǣǝǟ ǨǚǲǷ ǟǮǺ ǲǥǫ Ǩǻǯǧǟ ǢǧǟǡǼǫǧǭ ǣǝǫǟǧ ǪǥǢǛǫ). 
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ǀǩǡǺǯǧǦǪǭǰ ǟǮǟǩǭǧǴǜǰ Gauss: 

ǎ ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ǳǟǫ ǣǝǱǭǢǭ ǲǭ ǪǥǲǯǼǭ A  ǪǣǡǛǦǭǳǰ ( )n n³ , ǨǟǦǼǰ Ǩǟǧ ǲǭ ǢǧǚǫǳǱǪǟ Ǳǲǜǩǥǰ b  ǪǣǡǛǦǭǳǰ 

( 1)n³ . 

1. ǎǯǝǤǭǳǪǣ ǲǭ ǣǮǟǳǬǥǪǛǫǭ ǪǥǲǯǼǭ ( 1)n m³ +Ƿǰ ǣǬǜǰ: 

[ ]

11 12 1 1

21 22 2 2

1 2

| ,

n

n

n n nn n

a a a b

a a a b
A A b

a a a b

è ø
é ù
é ù= =
é ù
é ù
ê ú

 

2. ǂǧǟ 1i =  ǛǷǰ 1n-  ǣǮǟǫǟǩǜǶǣǧǰ ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ: 

V ǎǢǜǡǥǱǥ, Ǩǟǲǚ ǲǥǫ ǭǮǭǝǟ ǣǮǧǩǛǡǣǲǟǧ Ƿǰ Ǳǲǭǧǵǣǝǭ çǭǢǥǡǺǰè ǲǭ ǪǛǡǧǱǲǭ Ǳǲǭǧǵǣǝǭ ǲǥǰ i - ǭǱǲǜǰ 

Ǳǲǜǩǥǰ ǟǮǺ ǲǥǫ i  ǛǷǰ n  ǡǯǟǪǪǜ ǲǭǳ A. ǒǭ ǪǥǲǯǼǭ ǮǩǛǭǫ ǟǫǟǢǧǟǲǚǱǱǣǲǟǧ Ǫǣ i - ǭǱǲǜ  ǡǯǟǪǪǜ 

ǲǥ ǡǯǟǪǪǜ Ǯǭǳ ǮǣǯǧǛǵǣǧ ǲǭǫ ǭǢǥǡǺ iia¡. 

V ǉǚǦǣ Ǳǲǭǧǵǣǝǭ ǲǷǫ ǡǯǟǪǪǼǫ ǟǮǺ 1k i= + ǛǷǰ n  ǲǭǳ ǲǯǭǮǭǮǭǧǥǪǛǫǭǳ ǪǥǲǯǼǭǳ A  (ǣǬǟǧǯǣǝǲǟǧ 
ǟǳǲǜ Ǫǣ ǲǭǫ ǭǢǥǡǺ) ǡǝǫǣǲǟǧ: 

1k
kj kj kj

ii

a
a a a

a
= - . 

V ǀǳǲǜ ǥ ǢǧǟǢǧǨǟǱǝǟ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ ǛǷǰ Ǻǲǭǳ ǲǭ ǪǥǲǯǼǭ A  ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǫǟ ǪǣǲǟǱǵǥǪǟǲǧǱǲǣǝ 

Ǳǣ Ǜǫǟ ǚǫǷ ǲǯǧǡǷǫǧǨǺ ǪǥǲǯǼǭ A¡. 

 

2.10.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ Ax b= : 

1

2

3

2 2 2 1

3 4 5 ,x , 2

4 6 7 3

x

A x b

x

è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

ǊǻǱǥ: 

ǂǧǟ 1i =  

[ ]

2 2 2 1 4 6 7 3

| 3 4 5 2 3 4 5 2

4 6 7 3 2 2 2 1

ɐA A b od ghsh

è ø è ø
é ù é ù

= = ½½½½­é ù é ù
é ù é ù
ê ú ê ú

 

ǂǧǟ 1 2k i= + =   ǂǧǟ 2 3k i= + = 

4 6 7 3

0 1/ 2 1/ 4 5 / 4

2 2 2 1

è ø
é ù
- -é ù

é ù
ê ú                

4 6 7 3

0 1/ 2 1/ 4 1/ 4

0 1 3 / 2 1/ 2

è ø
é ù
- - -é ù

é ù- - -ê ú 
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ǂǧǟ 2i=  

4 6 7 3 4 6 7 3

0 1/ 2 1/ 4 1/ 4 0 1 3 / 2 1/ 2

0 1 3 / 2 1/ 2 0 1/ 2 3 / 2 1/ 4

od ghsh

è ø è ø
é ù é ù
- - ½½½½­ - - -é ù é ù

é ù é ù- - - - -ê ú ê ú

ɐ

 

                                          ǂǧǟ 1 2k i= + =    

   

4 6 7 3

0 1 3 / 2 1/ 2

0 0 1/ 2 0

è ø
é ù
- - -é ù

é ù
ê ú                

ǑǳǫǣǮǼǰ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ Ǜǵǣǧ ǛǯǦǣǧ Ǳǲǥ ǪǭǯǴǜ A x b¡ ¡= : 

1

2

3

4 6 7 3

0 1 3 / 2 ,x , 1/ 2

0 0 1/ 2 0

A

è ø è ø è ø
é ù é ù é ù
= - - = = -
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

x

x b

x
 

ǏǝǱǷ ǟǫǲǧǨǟǲǚǱǲǟǱǥ: 

ǆ ǩǻǱǥ ǲǭǳ ǮǟǯǟǮǚǫǷ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ ǮǯǭǨǻǮǲǣǧ Ƿǰ ǣǬǜǰ: 

( )

3

2
3

1 2 3 0
11 2 3

0 2
2 3 1 1

2

3

4 6 7 3,
4 6 7 3,

3 1
, 4 3 3, 01

2 2
21

0
2

=

=
=

å õ
æ ö+ + =

+ + =å õæ ö
æ öæ ö- - =- ½½½­ ½½½­ - = ­ =
æ öæ ö - =-æ ö
ç ÷æ ö

æ ö=
ç ÷

x

x
x

x x x
x x x

x x x x
x

x
 

ǑǳǫǣǮǼǰ ǥ ǩǻǱǥ ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǣǝǫǟǧ: 

1

2

3

0

1/ 2

0

x

x x

x

è ø è ø
é ù é ù
= =
é ù é ù
é ù é ùê ú ê ú 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
A = [2 2 2;3 4 5;4 6 7];  

b = [1;2;3];  
x = gausselim(A,b);  

 

gausselim.m 
 

function  [x, err] = gausselim(A, b)  
% Gaussian Elimination routine  

  
err = 0;  
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% check that input is legal  
[n,m] = size(A);  
if  n ~= m  
  disp( 'Error in gauselim: Matrix must be square.' )  
  err = 2; return  
end  

  
%set up space for solution vector  
x = zeros(size(b));  

  
% form augmented matrix by adding b to last column of A  
m = n+1;  
A(:,m) = b;  

  
% FORWARD ELIMINATION 
for  k = 1:n - 1  
  [A, err] = gepivot(A, k);  
  for  i = k+1:n  
    mm = A(i,k)/A(k,k);  
    for  j = k:m  
       A(i,j) = A(i,j) -  mm*A(k,j);  
    end  

  
%     A(i,k:m) = A(i,k:m) -  mm*A(k,k:m);  
  end   

   
  A 

   
end  

  
% BACK SUBSTITUTION 
if  A(n,n) == 0  
     err = 1; disp( 'Matrix is singular' ); return  
end  

  
x(n) = A(n,m)/A(n,n);  
for  i = n - 1: - 1:1  
   sum = 0;  
   for  j = i+1:n  
      sum = sum + A(i,j)*x(j);  
   end  
   x(i) = (A(i,m) -  sum) / A(i,i);  
end  

 

gepivot.m 

 
function  [A, err] = gepivot(A, k)  

  
    err = 0;  

  
    [piv,piv_index]=max(abs(A(k:end,k)));  

  
    if  piv == 0              % trouble -  can't avoid 0 pivot  
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       err = 1;  
    elseif  piv_index+k - 1 ~= k     % best pivot elsewhere, swap rows  
      t=A(piv_index+k - 1,:);  
      A(piv_index+k - 1,:)=A(k,:);  
      A(k,:)=t;  
    end  

  
end  

 

 

2.11  ǥɸŬȈȌȆűǾ Gauss-Jordan  

ǆ ǪǛǦǭǢǭǰ ǟǮǟǩǭǧǴǜǰ ǲǷǫ Gauss ð Jordan [5] ǟǮǭǲǣǩǣǝ Ǫǝǟ ǟǮǩǭǮǭǝǥǱǥ ǲǥǰ ǨǩǟǱǧǨǜǰ ǪǣǦǺǢǭǳ ǟǮǟǩǭǧǴǜǰ ǲǭǳ 
Gauss. ǆ ǪǛǦǭǢǭǰ ǟǳǲǜ ǱǳǫǝǱǲǟǲǟǧ Ǳǣ Ǫǝǟ ǱǳǱǲǥǪǟǲǧǨǜ ǣǴǟǯǪǭǡǜ ǲǷǫ ǪǣǲǟǱǵǥǪǟǲǧǱǪǼǫ ǡǯǟǪǪǼǫ, ǺǮǷǰ Ǩǟǧ Ǳǲǥǫ 
ǟǮǟǩǭǧǴǜ Gauss, ǛǲǱǧ ǼǱǲǣ ǲǭ ǪǥǲǯǼǭ ǲǷǫ ǱǳǫǲǣǩǣǱǲǼǫ ǲǷǫ ǟǡǫǼǱǲǷǫ ǲǭǳ ǲǣǩǧǨǭǻ ǪǣǲǟǱǵǥǪǟǲǧǤǺǪǣǫǭǳ 
ǱǳǱǲǜǪǟǲǭǰ ǫǟ ǣǝǫǟǧ ǢǧǟǡǼǫǧǭ, ǟǫǲǝ ǫǟ ǣǝǫǟǧ ǚǫǷ ǲǯǧǡǷǫǧǨǺ. 

ǂǧǟ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ Ax b=  ǧǱǵǻǣǧ: 

11 12 1 1 1

21 22 2 2 2

1 2

, , ,

n

n

n n nn n n

a a a x b

a a a x b
A x b

a a a x b

è ø è ø è ø
é ù é ù é ù
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù
ê ú ê ú ê ú

 (1.13) 

ǥ ǟǮǟǩǭǧǴǜ Gauss ð Jordan ǴǛǯǣǧ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ Ǳǲǥǫ ǟǮǩǭǮǭǧǥǪǛǫǥ ǪǭǯǴǜ A x b¡ ¡= : 

11 1 1

22 2 2

' 0 0 '

0 ' 0 '
' , , ' .

0 0 ' 'nn n n

a x b

a x b
A x b

a x b

è ø è ø è ø
é ù é ù é ù
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù
ê ú ê ú ê ú

 (1.14) 

ƼǮǭǳ ǭ A¡ǣǝǫǟǧ ǢǧǟǡǼǫǧǭ (Ǻǩǟ ǲǟ Ǳǲǭǧǵǣǝǟ ǮǚǫǷ Ǩǟǧ ǨǚǲǷ ǟǮǺ ǲǥǫ Ǩǻǯǧǟ ǢǧǟǡǼǫǧǭ ǣǝǫǟǧ ǪǥǢǛǫ). 
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ǀǩǡǺǯǧǦǪǭǰ ǟǮǟǩǭǧǴǜǰ Gauss-Jordan: 

ǎ ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ǳǟǰ ǣǝǱǭǢǭ ǲǭ ǪǥǲǯǼǭ A  ǪǣǡǛǦǭǳǰ ( )n n³ , ǨǟǦǼǰ Ǩǟǧ ǲǭ ǢǧǚǫǳǱǪǟ Ǳǲǜǩǥǰ b  ǪǣǡǛǦǭǳǰ 

( 1)n³ . 

1. ǎǯǝǤǭǳǪǣ ǲǭ ǣǮǟǳǬǥǪǛǫǭ ǪǥǲǯǼǭ ( 1)n m³ +Ƿǰ ǣǬǜǰ: 

[ ]

11 12 1 1

21 22 2 2

1 2

| ,

n

n

n n nn n

a a a b

a a a b
A A b

a a a b

è ø
é ù
é ù= =
é ù
é ù
ê ú

 

2. ǂǧǟ 1,...,i n=  ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ: 

V ǎǢǜǡǥǱǥ, Ǩǟǲǚ ǲǥǫ ǭǮǭǝǟ ǣǮǧǩǛǡǣǲǟǧ Ƿǰ Ǳǲǭǧǵǣǝǭ çǭǢǥǡǺǰè ǲǭ ǪǛǡǧǱǲǭ Ǳǲǭǧǵǣǝǭ ǲǥǰ i - ǭǱǲǜǰ 

Ǳǲǜǩǥǰ ǟǮǺ ǲǥǫ i  ǛǷǰ ǲǥ n  ǡǯǟǪǪǜ ǲǭǳ A. ǒǭ ǪǥǲǯǼǭ ǮǩǛǭǫ ǟǫǟǢǧǟǲǚǱǱǣǲǟǧ Ǫǣ i - ǭǱǲǜ  ǡǯǟǪǪǜ 

ǲǥ ǡǯǟǪǪǜ Ǯǭǳ ǮǣǯǧǛǵǣǧ ǲǭǫ ǭǢǥǡǺiia¡. 

V ǉǚǦǣ Ǳǲǭǧǵǣǝǭ ǲǷǫ ǺǩǷǫ ǡǯǟǪǪǼǫ ǲǭǳ ǪǥǲǯǼǭǳ A , ( 1,...,k n= ) ǣǨǲǺǰ ǟǮǺ ǟǳǲǚ ǲǥǰ i - ǭǱǲǜǰ 

ǡǯǟǪǪǜǰ (k i̧), ǢǥǩǟǢǜ ǣǬǟǧǯǣǝǲǟǧ ǟǮǺ ǲǥ ǢǧǟǢǧǨǟǱǝǟ ǥ ǡǯǟǪǪǜ Ǯǭǳ ǮǣǯǧǛǵǣǧ ǲǭǫ ǭǢǥǡǺ, 
ǲǯǭǮǭǮǭǧǣǝǲǟǧ Ƿǰ ǣǬǜǰ: 

1k
kj kj kj

ki

a
a a a

a
= - . 

V ǀǳǲǜ ǥ ǢǧǟǢǧǨǟǱǝǟ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ ǛǷǰ Ǻǲǭǳ ǲǭ ǪǥǲǯǼǭ A  ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǫǟ ǪǣǲǟǱǵǥǪǟǲǧǱǲǣǝ 

Ǳǣ Ǜǫǟ ǢǧǟǡǼǫǧǭ ǪǥǲǯǼǭA¡. 

 

ǑǥǪǣǝǷǱǥ: 

V ǆ ǢǧǟǴǭǯǚ ǲǥǰ ǪǣǦǺǢǭǳ ǟǮǟǩǭǧǴǜǰ  Gauss ð Jordan ǟǮǺ ǲǥ ǟǮǩǜ ǪǛǦǭǢǭ ǲǥ ǟǮǟǩǭǧǴǜǰ Gauss ǛǡǨǣǧǲǟǧ 

Ǳǲǭ ǡǣǡǭǫǺǰ Ǻǲǧ Ǩǟǲǚ ǲǭ i - ǭǱǲǺ ǠǜǪǟ ǲǥǰ ǢǧǟǢǧǨǟǱǝǟǰ ǭ ǚǡǫǷǱǲǭǰ ix  ǟǮǟǩǣǝǴǣǲǟǧ ǟǮǺ ǲǧǰ ǲǣǩǣǳǲǟǝǣǰ 

( )n i-  ǨǟǦǼǰ Ǩǟǧ ǟǮǺ ǲǧǰ  ( 1)i-  ǮǯǼǲǣǰ ǣǬǧǱǼǱǣǧǰ. 

2.11.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ =Ax b: 

1

2

3

2 2 2 1

3 4 5 ,x , 2

4 6 7 3

è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

x

A x b

x

 

ǊǻǱǥ: 

ǂǧǟ 1=i  

[ ]

2 2 2 1 4 6 7 3

| 3 4 5 2 3 4 5 2

4 6 7 3 2 2 2 1

od ghsh

è ø è ø
é ù é ù

= = ½½½½­é ù é ù
é ù é ù
ê ú ê ú

ɐA A b  
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ǂǧǟ 1k=  ǂǧǟ 2k=     ǂǧǟ 3k=  

    k i=         

4 6 7 3

0 1/ 2 1/ 4 1/ 4

2 2 2 1

è ø
é ù
- - -é ù

é ù
ê ú

     

4 6 7 3

0 1/ 2 1/ 4 1/ 4

0 1 3 / 2 1/ 2

è ø
é ù
- - -é ù

é ù- - -ê ú

 

ǂǧǟ 2i=  

[ ]

4 6 7 3 4 6 7 3

| 0 1/ 2 1/ 4 1/ 4 0 1 3 / 2 1/ 2

0 1 3 / 2 1/ 2 0 1/ 2 1/ 4 1/ 4

ɐA A b od ghsh

è ø è ø
é ù é ù

= = - - - ½½½½­ - - -é ù é ù
é ù é ù- - - - - -ê ú ê ú

 

ǂǧǟ 1k=  ǂǧǟ 2k=     ǂǧǟ 3k=  

  

4 0 2 0

0 1 3 / 2 1/ 2

0 1/ 2 1/ 4 1/ 4

è - ø
é ù

- - -é ù
é ù- - -ê ú

          k i=   

4 0 2 0

0 1 3 / 2 1/ 2

0 0 1/ 2 0

è - ø
é ù
- - -é ù

é ù
ê ú

 

ǂǧǟ 3i =  

[ ]

4 0 2 0 4 0 2 0

| 0 1 3 / 2 1/ 2 0 1 3 / 2 1/ 2

0 0 1/ 2 0 0 0 1/ 2 0

ɐA A b od ghsh

è - ø è - ø
é ù é ù

= = - - - ½½½½­ - - -é ù é ù
é ù é ù
ê ú ê ú

 

ǂǧǟ 1k=  ǂǧǟ 2k=     ǂǧǟ 3k=  

 

4 0 0 0

0 1 3 / 2 1/ 2

0 0 1/ 2 0

è ø
é ù
- - -é ù

é ù-ê ú

         

4 0 0 0

0 1 0 1/ 2

0 0 1/ 2 0

è ø
é ù
- -é ù

é ù-ê ú

       k i=  

ǄǴǟǯǪǺǤǭǳǪǣ ǲǥǫ ǮǝǱǷ ǟǫǲǧǨǟǲǚǱǲǟǱǥ: 

ǒǺǲǣ ǥ ǩǻǱǥ ǲǭǳ ǮǟǯǟǮǚǫǷ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ ǮǯǭǨǻǮǲǣǧ Ƿǰ ǣǬǜǰ: 

1

2

3

4 0,

1
1 ,

2

1
0

2

x

x

x

å õ
æ ö=
æ ö
æ ö- =-
æ ö
æ ö
æ ö=
ç ÷
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ǑǳǫǣǮǼǰ ǥ ǩǻǱǥ ǲǭǳ ǱǳǱǲǜǪǟǲǭǰ ǣǝǫǟǧ: 

1

2

3

0

1/ 2

0

x

x x

x

è ø è ø
é ù é ù
= =
é ù é ù
é ù é ùê ú ê ú

 

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
 

A = [2 2 2;3 4 5;4 6 7];  

b = [1;2;3];  
x = gaussjord(A, b) ;  

 

 

gaussjord.m 
 

function  [x, err] = gaussjord(A, b)  
% Gauss -  Jordan Routine for solution of single system  

  
err = 0;  

  
%set up space for solution vector  
x = zeros(size(b));  

  
% check that input is legal  
[n,m] = size(A);  
if  n ~= m  
  disp( 'Error in gauselim: Matrix must be square.' )  
  err = 2; return  
end  

  
% form augmented matrix by adding b to last column of A  
m = n+1; A(:,m) = b;  

  
% ELIMINATION  

  
for  k = 1:n  
  if  k < n  
     [A, err] = gepivot(A, k);   % partial pivoting  
  end  

  

  if  err ~= 0  
     disp( 'Matrix is singular' ); return  
  end  

  
  for  i = 1:n  
    if  i ~= k  
       mm = A(i,k)/A(k,k);  
       for  j = k:m  
          A(i,j) = A(i,j) -  mm*A(k,j);  
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       end  
    end  
  end  
end  

  
x = A(:,m)./diag(A);  

 

 

2.12  ǮǽȅȌŭȌȎ ŰȌȏ Jacobi ȇŬȆ ȉǽȅȌŭȌȎ ŰȒȊ Gauss -  Seidel  

ǃǭǦǛǫǲǭǰ ǲǭǳ ǮǯǭǠǩǜǪǟǲǭǰ Ax b=  ǭǧ Ǣǻǭ ǣǮǟǫǟǩǥǮǲǧǨǛǰ ǪǛǦǭǢǭǧ ǱǳǫǝǱǲǟǫǲǟǧ Ǳǲǥ ǢǧǚǱǮǟǱǥ ǲǭǳ ǪǥǲǯǼǭǳ ǲǷǫ 

ǱǳǫǲǣǩǣǱǲǼǫ ǲǷǫ ǟǡǫǼǱǲǷǫ A  Ƿǰ ǣǬǜǰ: 

,A D L U= - - (1.15) 

ǺǮǭǳ ǲǭ D  ǣǝǫǟǧ ǲǭ ǢǧǟǡǼǫǧǭ ǪǥǲǯǼǭ Ǫǣ ǢǧǟǡǼǫǧǟ Ǳǲǭǧǵǣǝǟ ǲǟ ǟǫǲǝǱǲǭǧǵǟ ǲǭǳ A, ǲǭ Lǣǝǫǟǧ ǨǚǲǷ ǲǯǧǡǷǫǧǨǺ Ǩǟǧ 

ǲǭ U  ǣǝǫǟǧ ǚǫǷ ǲǯǧǡǷǫǧǨǺ: 

11 12 1

22 21 2

1 2

0 0 0 0

0 0 0 0
, , .

0

0 0 0 0

n

n

nn n n

a a a

a a a
D L U

a a a

- -è ø è ø è ø
é ù é ù é ù- -
é ù é ù é ù= = =
é ù é ù é ù
é ù é ù é ù

- - ê úê ú ê ú

 (1.16) 

ǈǨǟǫǜ ǱǳǫǦǜǨǥ ǡǧǟ ǲǥ ǱǻǡǨǩǧǱǥ ǲǥǫ ǪǣǦǺǢǷǫ ǲǭǳ Jacobi Ǩǟǧ ǲǷǫ Gauss ð Seidel [6] ǣǝǫǟǧ ǲǭ ǪǥǲǯǼǭ A  ǫǟ Ǜǵǣǧ 
ǟǳǱǲǥǯǚ ǢǧǟǡǼǫǧǟ Ǩǳǯǧǟǯǵǝǟ Ǩǟǲǚ ǡǯǟǪǪǛǰ ǜ Ǩǟǲǚ Ǳǲǜǩǣǰ:  

1 1

, 1,..., , ɐ , 1,...,
n n

ii ij ii ji

j j
j i j i

a a i n a a i n
= =
¸ ¸

> = > =ä ä . (1.16) 

 

2.13  ǮǽȅȌŭȌȎ ŰȌȏ Jacobi 

ǂǧǟ ǫǟ ǪǮǭǯǛǱǣǧ ǥ ǪǛǦǭǢǭǰ ǲǭǳ Jacobi [6] ǫǟ ǭǯǧǱǲǣǝ Ǧǟ ǮǯǛǮǣǧ ǲǭ ǪǥǲǯǼǭ D  ǫǟ ǣǝǫǟǧ ǟǫǲǧǱǲǯǛǶǧǪǭ, ǢǥǩǟǢǜ: 

11 22det( ) ... 0nnD a a a= ¸.  (1.17) 

 

ǒǺǲǣ ǟǫ ǳǮǚǯǵǣǧ ǲǭ
1D-
, ǲǭ ǣǮǟǫǟǩǥǮǲǧǨǺ ǱǵǜǪǟ ǲǥǰ ǪǣǦǺǢǭǳ Jacobi ǣǝǫǟǧ: 

( ) ( )()1 1 1 , 0,1,2, ,
k k

x D L U x D b k
+ - -= + + =   (1.18) 

ǡǧǟ ǭǮǭǧǭǢǜǮǭǲǣ ǟǯǵǧǨǜ ǣǨǲǝǪǥǱǥ
(0)x . 
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ǀǩǡǺǯǧǦǪǭǰ ǲǭǳ Jacobi: 

ǎ ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ǳǟǫ ǣǝǱǭǢǭ ǲǣǲǯǟǡǷǫǧǨǺ ǪǥǲǯǼǭ A  ǪǣǡǛǦǭǳǰ ( )n n³ , ǲǭ ǢǧǚǫǳǱǪǟ Ǳǲǜǩǥǰ b  ǪǣǡǛǦǭǳǰ 

( 1)n³  Ǩǟǧ ǲǥǫ ǟǯǵǧǨǜ ǣǨǲǝǪǥǱǥ ǲǥǰ ǩǻǱǥǰ
(0)x x= . 

1. ǓǮǭǩǭǡǝǤǭǫǲǟǧ ǲǟ ǪǥǲǯǼǟD , L ,U Ǩǟǧ 1( )D L U-T= + . 

2. Ǆǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ 1

max|| || || ( ) || 1 | | 1ɑD L U arke l-T = + < ½½½­ < ǲǺǲǣ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǡǨǩǝǫǣǧ Ǩǟǧ ǱǳǫǣǵǝǤǣǧ: 

3. ǎǧ ǱǳǫǧǱǲǼǱǣǰ(k)

ix , 1i =  ǛǷǰ n  ǲǭǳ ǢǧǟǫǻǱǪǟǲǭǰ ǲǥǰ k -ǭǱǲǜǰ ǣǮǟǫǚǩǥǶǥǰ ǳǮǭǩǭǡǝǤǭǫǲǟǧ Ƿǰ ǣǬǜǰ: 

( ) ()1

1

1
, 1... , 0,1,2,

n
k k

i i ij j

jii
j i

x b a x i n k
a

+

=
¸

è ø
é ù= - = =
é ù
é ùê ú

ä  

4. ǎ ǟǩǡǺǯǧǦǪǭǰ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ ǛǷǰ Ǻǲǭǳ ǥ 
(k 1)x +

 ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ ǩǻǱǥǰ Ǣǣǫ ǢǧǟǴǛǯǣǧ ǟǮǺ ǲǥǫ 
(k)x  

Ǳǲǟ m  ǱǥǪǟǫǲǧǨǚ ǶǥǴǝǟ. ǃǥǩǟǢǜ Ǻǲǟǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǥ ǣǬǜǰ ǱǵǛǱǥ: 

(k 1) ( )

(k 1)

|| || 1
10

|| || 2

k
mx x

x

+
-

+

-
¢  

ƼǮǭǳ mǣǝǫǟǧ ǭ ǟǯǧǦǪǺǰ ǲǷǫ ǱǥǪǟǫǲǧǨǼǫ ǶǥǴǝǷǫ Ǫǣ ǠǚǱǥ ǲǟ ǭǮǭǝǟ ǭ ǵǯǜǱǲǥǰ ǣǮǧǦǳǪǣǝ ǲǥǫ ǟǨǯǝǠǣǧǟ 
ǲǥǰ ǩǻǱǥǰ. 

 

2.13.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ (0)Ax b= : 

(0)

1 2 2 1 1

1 1 1 ,x 1 , 1

2 2 1 1 1

A b

-è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

ǕǯǥǱǧǪǭǮǭǧǼǫǲǟǰ ǲǥ ǪǛǦǭǢǭ ǲǭǳ Jacobi ǦǛǩǭǳǪǣ ǫǟ ǠǯǭǻǪǣ ǲǥǫ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǡǧǟ ǟǨǯǝǠǣǧǟ 3 ǱǥǪǟǫǲǧǨǼǫ 
ǶǥǴǝǷǫ. 

ǊǻǱǥ: 

ǓǮǭǩǭǡǝǤǭǳǪǣ ǲǟ ǪǥǲǯǼǟ D , L ,U Ǩǟǧ 1( )D L U-T= + : 

1 0 0 0 0 0 0 2 2 0 2 2

0 1 0 , L 1 0 0 , U 0 0 1 , 1 0 1

0 0 1 2 2 0 0 0 0 2 2 0

D T

- -è ø è ø è ø è ø
é ù é ù é ù é ù
= = - = - = - -
é ù é ù é ù é ù
é ù é ù é ù é ù- - - -ê ú ê ú ê ú ê ú

 

ǄǬǣǲǚǤǭǳǪǣ ǣǚǫ ǲǭ ǪǥǲǯǼǭ T ǣǝǫǟǧ ǟǫǲǧǱǲǯǛǶǧǪǭ. ǀǯǨǣǝ ǫǟ ǟǮǭǢǣǝǬǭǳǪǣ Ǻǲǧ ǥ Ǫǣǡǟǩǻǲǣǯǥ ǧǢǧǭǲǧǪǜ ǣǝǫǟǧ 

ǪǧǨǯǺǲǣǯǥ ǟǮǺ 1 ( max| | 1l < ). 

ǄǻǯǣǱǥ ǧǢǧǭǲǧǪǼǫ ǲǭǳ T: 

det( ) 0,T l-I = 
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ǢǥǩǟǢǜ: 

0 2 2

det 1 0 1 0

2 2 0

l

l

l

å - - õè ø
æ öé ù
- - - =æ öé ù

æ öé ù- - -ê úç ÷

, 

ǚǯǟ ǲǭ ǵǟǯǟǨǲǥǯǧǱǲǧǨǺ ǮǭǩǳǼǫǳǪǭ Ǯǭǳ ǮǯǭǨǻǮǲǣǧ ǣǝǫǟǧ: 

2 3( 2) (2 4) 2(2 2 ) 0 0l l l l l- - + + - + = ­- =, 

ǲǺǲǣ  

1 2 3 max0, 0, 0 | | 0 1l l l l= = = ­ = <, 

Ʒǯǟ ǥ ǪǛǦǭǢǭǰ Jacobi ǱǳǡǨǩǝǫǣǧ. 

ǂǧǟ 1k= () ()1 0

1

1 n

i i ij j

jii
j i

x b a x
a =

¸

è ø
é ù­ = -
é ù
é ùê ú

ä , ǢǥǩǟǢǜ: 

(1) (0) (0)

1 2 3

(1) (0) (0)

2 1 3

(1) (0) (0)

3 1 2

1 2 2 ,

1 ,

1 2 2

x x x

x x x

x x x

= - +

= - -

= - -

 ­  

(1)

1

(1)

2

(1)

3

1 2 1 2 1,

1 1 1,

1 2 1 2 1

x

x

x

= - Ö + Ö

= - -

= - Ö - Ö

 ­  

(1)

1

(1)

2

(1)

3

1,

1,

3

x

x

x

=

=-

=-

 

 
2 2 2(1) (0)

(1) 2 2 2

(1 1) ( 1 1) ( 3 1)|| ||
1.35

|| || 1 ( 1) ( 3)

x x

x

- + - - + - --
= =

+ - + -
 ­  1.35>

31
10

2

-
, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ. 

ǂǧǟ 2k= () ()2 1

1

1 n

i i ij j

jii
j i

x b a x
a =

¸

è ø
é ù­ = -
é ù
é ùê ú

ä , ǢǥǩǟǢǜ: 

(2) (1) (1)

1 2 3

(2) (1) (1)

2 1 3

(2) (1) (1)

3 1 2

1 2 2 ,

1 ,

1 2 2

x x x

x x x

x x x

= - +

= - -

= - -

­

(1)

1

(2)

2

(2)

3

1 2 ( 1) 2 ( 3),

1 1 ( 3),

1 2 1 2 ( 1)

x

x

x

= - Ö - + Ö -

= - - -

= - Ö - Ö -

­  

(2)

1

(2)

2

(2)

3

3,

3,

1

x

x

x

=-

=

=

 

2 2 2(2) (1)

(2) 2 2 2

( 3 1) (3 ( 1)) (1 ( 3))|| ||
1.59

|| || ( 3) 3 1

x x

x

- - + - - + - --
= =

- + +
 ­  1.59>

31
10

2

-
, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǫǣǵǝǤǣǧ. 

ǂǧǟ 3k= () ()2 1

1

1 n

i i ij j

jii
j i

x b a x
a =

¸

è ø
é ù­ = -
é ù
é ùê ú

ä , ǢǥǩǟǢǜ: 
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(3) (2) (2)

1 2 3

(3) (2) (2)

2 1 3

(3) (2) (2)

3 1 2

1 2 2 ,

1 ,

1 2 2

x x x

x x x

x x x

= - +

= - -

= - -

­

(3)

1

(3)

2

(3)

3

1 2 3 2 1,

1 ( 3) 1,

1 2 ( 3) 2 3

x

x

x

= - Ö + Ö

= - - -

= - Ö - - Ö

­  

(3)

1

(3)

2

(3)

3

3,

3,

1

x

x

x

=-

=

=

 

2 2 2(3) (2)

(3) 2 2 2

( 3 ( 3)) (3 3) (1 1)|| ||
0

|| || ( 3) 3 1

x x

x

- - - + - + --
= =

- + +
 ­  0 <

31
10

2

-
, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ. 

ǑǳǫǣǮǼǰ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǲǭǳ ǢǭǦǛǫǲǭǰ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ Ǫǣ ǟǨǯǝǠǣǧǟ 3 ǱǥǪǟǫǲǧǨǼǫ ǱǥǪǣǝǷǫ ǣǝǫǟǧ: 

1

2

3

3

3

1

x

x

x

-è ø è ø
é ù é ù
=

é ù é ù
é ù é ùê ú ê ú

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
 

A = [1 2 - 2;1 1 1;2 2 1];  

b = [1;1;1];  
x = [1;1;1];  
x = Jacobi(A, b, x, 3);  

 

 

Jacobi.m 
 

function  x = Jacobi(A, b, x, m)  

  
D = diag(diag(A))  
L = diag(diag(A)) - tril(A)  
U = diag(diag(A)) - triu(A)  

  
d = diag(A);  

  
inv(D)  

  
T = inv(D)*(L+U)  

  
sr = max(abs(eig(T)))  

  
disp( 'Jacobi method:' );  
if  (sr < 1)  
    iter = 0;  

  
    while  (true)  
        iter = iter + 1;  
        fprintf( 'Iteration: %d' ,iter)  
        prevx = x;  

         
        %x = inv(D)*(L+U)*x + inv(D)*b  
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        for  i = 1:length(A)  
            sum = 0;  
            for  j = 1:length(A)  
              if  (j ~= i), sum = sum + A(i,j)*prevx(j); end  
            end  
            x(i) = (1/A(i,i))*[b(i) -  sum];  
        end  
        x  

         
        if  (nor m(prevx - x)/norm(x))< 0.5*10^( - m), return ; end    
    end  
else  
    disp( 'ERROR: The Jacobi method is diverging' );  
    return ;  
end  

 

 

2.14  ǮǽȅȌŭȌȎ ŰȒȊ Gauss -  Seidel  

ǂǧǟ ǫǟ ǪǮǭǯǛǱǣǧ ǥ ǪǛǦǭǢǭǰ ǲǷǫ Gauss-Seidel [6] ǫǟ ǭǯǧǱǲǣǝ Ǧǟ ǮǯǛǮǣǧ ǲǭ ǪǥǲǯǼǭ D  ǫǟ ǣǝǫǟǧ ǟǫǲǧǱǲǯǛǶǧǪǭ, 
ǢǥǩǟǢǜ: 

det( ) 0D L-  ̧ (1.20) 

ǒǺǲǣ ǟǫ ǳǮǚǯǵǣǧ ǲǭ 1( )D L -- , ǲǭ ǣǮǟǫǟǩǥǮǲǧǨǺ ǱǵǜǪǟ ǲǥǰ ǪǣǦǺǢǭǳ Jacobi ǣǝǫǟǧ: 

( ) ()1 1 1( ) ( ) , 0,1,2, ,
k k

x D L Ux D L b k
+ - -= - + - =  (1.21) 

ǡǧǟ ǭǮǭǧǭǢǜǮǭǲǣ ǟǯǵǧǨǜ ǣǨǲǝǪǥǱǥ ǲǥǰ ǩǻǱǥǰ 
(0)x . 

 

ǀǩǡǺǯǧǦǪǭǰ Gauss - Seidel: 

ǎ ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ƿǰ ǣǝǱǭǢǭ ǲǭ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ Ax b= , ǺǮǭǳ A  ǲǣǲǯǟǡǷǫǧǨǺ ǪǥǲǯǼǭ ǪǣǡǛǦǭǳǰ 

( )n n³ , ǲo ǢǧǚǫǳǱǪǟ Ǳǲǜǩǥǰ b  ǪǣǡǛǦǭǳǰ  ( 1)n³  Ǩǟǧ 
(0)x x= ǲǥǫ ǟǯǵǧǨǜ ǣǨǲǝǪǥǱǥ ǲǥǰ ǩǻǱǥǰ. 

1. ǓǮǭǩǭǡǝǤǭǫǲǟǧ ǲǟ ǪǥǲǯǼǟD , L ,U Ǩǟǧ 1( )D L U-T= -  

2. Ǆǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ 1

max|| || || ( ) || 1 | | 1ɑD L U arke l-T = + < ½½½­ < ǲǺǲǣ o ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǡǨǩǝǫǣǧ Ǩǟǧ ǱǳǫǣǵǝǤǣǲǟǧ Ƿǰ ǣǬǜǰ: 

3. ǎǧ ǱǳǫǧǱǲǼǱǣǰ(k)

ix , 1,...,i n=  ǲǭǳ ǢǧǟǫǻǱǪǟǲǭǰ ǲǥǰ k -ǭǱǲǜǰ ǣǮǟǫǚǩǥǶǥǰ ǳǮǭǩǭǡǝǤǭǫǲǟǧ Ƿǰ ǣǬǜǰ: 

( ) ( ) () ( )
1 11

, 0,1,2, ,
k k

x D L Ux D L b k
- -+

= - + - =  

ǜ Ǯǧǭ ǟǫǟǩǳǲǧǨǚ: 

( ) ( ) ()
1

1 1

1 1

1
, 1,..., , 0,1,2,

i n
k k k

i i ij j ij j

j j iii

x b a x a x i n k
a

-
+ +

= = +

è ø
= - - = =é ù

ê ú
ä ä  

4. ǎ ǟǩǡǺǯǧǦǪǭǰ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ ǛǷǰ Ǻǲǭǳ ǥ 
(k 1)x +

 ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ ǩǻǱǥǰ Ǣǣǫ ǢǧǟǴǛǯǣǧ ǟǮǺ ǲǥǫ 
(k)x  

Ǳǲǟ m  ǱǥǪǟǫǲǧǨǚ ǶǥǴǝǟ. ǃǥǩǟǢǜ Ǻǲǟǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǥ ǣǬǜǰ ǱǵǛǱǥ: 
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(k 1) ( )

(k 1)

|| || 1
10

|| || 2

k
mx x

x

+
-

+

-
¢

 

ƼǮǭǳ m  ǣǝǫǟǧ ǭ ǟǯǧǦǪǺǰ ǲǷǫ ǱǥǪǟǫǲǧǨǼǫ ǶǥǴǝǷǫ Ǫǣ ǠǚǱǥ ǲǟ ǭǮǭǝǟ ǭ ǵǯǜǱǲǥǰ ǣǮǧǦǳǪǣǝ ǲǥǫ ǟǨǯǝǠǣǧǟ 
ǲǥǰ ǩǻǱǥǰ. 

 

 

2.14.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǭ ǡǯǟǪǪǧǨǺ ǱǻǱǲǥǪǟ (0)Ax b= : 

(0)

3 2 0 0 5

0 2 1 , x 0 , 3

1 0 2 0 3

A b

è ø è ø è ø
é ù é ù é ù
= = =
é ù é ù é ù
é ù é ù é ùê ú ê ú ê ú

 

ǕǯǥǱǧǪǭǮǭǧǼǫǲǟǰ ǲǥ ǪǛǦǭǢǭ ǲǷǫ Gauss-Seidel ǦǛǩǭǳǪǣ ǫǟ ǠǯǭǻǪǣ ǲǥǫ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǡǧǟ ǟǨǯǝǠǣǧǟ 2m=  
ǱǥǪǟǫǲǧǨǚ ǶǥǴǝǟ.  

ǊǻǱǥ: 

ǓǮǭǩǭǡǝǤǭǳǪǣ ǲǟ ǪǥǲǯǼǟ D , L ,U Ǩǟǧ 1( )D L U-T= - : 

3 0 0 0 0 0 0 2 0 0 -0.67 0

0 2 0 , L 0 0 0 , U 0 0 1 , 0 0 -0.5

0 0 2 1 0 0 0 0 0 0 0.33 0

D T

-è ø è ø è ø è ø
é ù é ù é ù é ù
= = = - =
é ù é ù é ù é ù
é ù é ù é ù é ù-ê ú ê ú ê ú ê ú

, 

ǄǬǣǲǚǤǭǳǪǣ ǣǚǫ ǲǭ ǪǥǲǯǼǭ T ǣǝǫǟǧ ǟǫǲǧǱǲǯǛǶǧǪǭ. ǀǯǨǣǝ ǫǟ ǟǮǭǢǣǝǬǭǳǪǣ Ǻǲǧ ǥ Ǫǣǡǟǩǻǲǣǯǥ ǧǢǧǭǲǧǪǜ ǣǝǫǟǧ 
ǪǧǨǯǺǲǣǯǥ ǟǮǺ 1 (

max| | 1l < ). 

ǄǻǯǣǱǥ ǧǢǧǭǲǧǪǼǫ ǲǭǳ T: 

det( ) 0,T l-I = 

ǢǥǩǟǢǜ, 

0 0.67 0

det 0 0 0.5 0

0 0.33 0

l

l

l

å - - õè ø
æ öé ù

- - =æ öé ù
æ öé ù-ê úç ÷

. 

ǀǮǺ ǲǥǫ ǣǮǝǩǳǱǥ ǲǭǳ ǵǟǯǟǨǲǥǯǧǱǲǧǨǭǻ ǮǭǩǳǷǫǻǪǭǳ ǮǯǭǨǻǮǲǣǧ Ǻǲǧ: 

max| | 0 1l = <. 

ǑǳǫǣǮǼǰ ǥ ǪǛǦǭǢǭǰ ǱǳǡǨǩǝǫǣǧ. 

ǂǧǟ 1k=

()

()

()

1

1

1

2

1

3

1.6667

1.5000

0.6667

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 

(1) (0)
2

(1)

|| || 1
1 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 
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ǂǧǟ 2k=

()

()

()

2

1

2

2

2

3

0.6667

1.1667

1.1667

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(2) (1)

2

(2)

|| || 1
0.6556 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 3k=

()

()

()

3

1

3

2

3

3

0.8889

0.9167

1.0556

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(3) (3)

2

(2)

|| || 1
0.2128 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 4k=

()

()

()

4

1

4

2

4

3

1.0556

0.9722

0.9722

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(4) (3)

2

(4)

|| || 1
0.1122 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 5k=

()

()

()

5

1

5

2

5

3

1.0185

1.0139

0.9907

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(5) (4)

2

(5)

|| || 1
0.0337 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 6k=

()

()

()

6

1

6

2

6

3

0.9907

1.0046

1.0046

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(6) (5)

2

(6)

|| || 1
0.0187 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 7k=

()

()

()

7

1

7

2

7

3

0.9969

0.9977

1.0015

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(7) (6)

2

(7)

|| || 1
0.0057 10

|| || 2

x x

x

--
= > , ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, 

ǂǧǟ 8k=

()

()

()

8

1

8

2

8

3

1.0015

0.9992

0.9992

x

x

x

è øè ø
é ùé ù

­ =é ùé ù
é ùé ùê úé ùê ú

, 
(8) (7)

2

(8)

|| || 1
0.0031< 10

|| || 2

x x

x

--
= , ǭ ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ. 

ǑǳǫǣǮǼǰ ǥ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǲǭǳ ǢǭǦǛǫǲǭǰ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ Ǫǣ ǠǚǱǥ ǲǥǫ ǟǯǵǧǨǜǰ ǣǨǲǝǪǥǱǥ ǲǥǰ ǩǻǱǥǰ Ǩǟǧ 
ǟǨǯǝǠǣǧǟ 2 ǱǥǪǟǫǲǧǨǼǫ ǶǥǴǝǷǫ ǣǝǫǟǧ: 

1

2

3

1.0015

0.9992

0.9992

x

x

x

è ø è ø
é ù é ù
=

é ù é ù
é ù é ùê ú ê ú
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ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
 

A = [3 2 0;0 2 1;1 0 2];  
b=[5; 3; 3];  
x = [0;0;0];  
x = Jacobi(A, b, x, 2);  
x = GaussSeidel(A, b, x, 2);  

 

 

GaussSeidel.m 
 

function  x = GaussSeidel(A, b, x, m)  

  
D = diag(diag(A))  
L = diag(diag(A)) - tril(A)  
U = diag(diag(A)) - triu(A)  

  
d = diag(A);  

  
D- L 

  
inv(D - L)  

  

  
T = inv(D - L)*U  

  
sr = max(abs(eig(T)))  

  
disp( 'Gauss Seidel method:' );  
if  (sr < 1)  
    iter = 0;  

  
    while  (true)  
        iter = iter + 1;  
        fprintf( 'Iteration: %d' ,iter)  
        prevx = x;  

         
        x = inv(D - L)*U*x + inv(D - L)*b  

                
       if  (norm(prevx - x)/norm(x))< 0.5*10^( - m), return ; end     
    end  
else  
    disp( 'ERROR: The Gauss Seidel method is diverging' );  
    return ;  
end  
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3  ǲŮɸŮȍŬůȉǽȊŮȎ ȇŬȆ ŭȆŬȆȍŮȉǽȊŮȎ ŭȆŬűȌȍǽȎ 

ƹǱǲǷ Ǻǲǧ ǪǣǲǯǚǪǣ ǲǥǫ ǟǮǺǱǲǟǱǥ y  Ǯǭǳ Ǣǧǟǫǻǣǧ Ǜǫǟ ǟǳǲǭǨǝǫǥǲǭ ǬǣǨǧǫǼǫǲǟǰ ǟǮǺ Ǜǫǟ ǢǣǢǭǪǛǫǭ ǱǲǟǦǣǯǺ ǱǥǪǣǝǭ Ǳǣ 

ǢǧǚǴǭǯǣǰ ǵǯǭǫǧǨǛǰ ǱǲǧǡǪǛǰ. ǂǫǷǯǝǤǭǳǪǣ Ǻǲǧ ǭ ǯǳǦǪǺǰ ǲǥǰ ǪǣǲǟǠǭǩǜǰ ǲǥǰ ǟǮǺǱǲǟǱǥǰ Ƿǰ Ǯǯǭǰ ǲǭ ǵǯǺǫǭ ǣǨǴǯǚǤǣǧ 
ǲǥǫ ǲǟǵǻǲǥǲǟ ǲǭǳ ǟǳǲǭǨǧǫǜǲǭǳ, ǣǫǼ ǭ ǯǳǦǪǺǰ ǲǥǰ ǪǣǲǟǠǭǩǜǰ ǲǥǰ ǲǟǵǻǲǥǲǟǰ Ƿǰ Ǯǯǭǰ ǲǭ ǵǯǺǫǭ ǣǨǴǯǚǤǣǧ ǲǥǫ 
ǣǮǧǲǚǵǳǫǱǥ ǲǭǳ ǟǳǲǭǨǧǫǜǲǭǳ. ǆ ǟǮǺǱǲǟǱǥ y  Ǯǭǳ Ǣǧǟǫǻǣǧ ǲǭ ǨǧǫǭǻǪǣǫǭ ǟǳǲǭǨǝǫǥǲǭ ǣǬǟǯǲǚǲǟǧ ǟǮǺ ǲǭ ǵǯǺǫǭ x  

Ǩǟǲǚ ǲǭǫ ǭǮǭǝǭ ǲǭ ǟǳǲǭǨǝǫǥǲǭ Ǩǧǫǣǝǲǟǧ. ƹǲǱǧ ǟǴǭǻ ǡǧǟ Ǫǧǟ ǢǣǢǭǪǛǫǥ ǵǯǭǫǧǨǜ ǱǲǧǡǪǜ ǲǭ ǟǳǲǭǨǝǫǥǲǭ Ǜǵǣǧ ǢǧǟǫǻǱǣǧ 

Ǫǧǟ ǪǭǫǟǢǧǨǜ ǟǮǺǱǲǟǱǥ y, ǲǺǲǣ ǥ ǟǮǺǱǲǟǱǥ y  ǣǝǫǟǧ Ǫǧǟ ǱǳǫǚǯǲǥǱǥ ( )y f x=  

ǓǮǭǦǛǲǭǳǪǣ Ǻǲǧ Ǻǲǟǫ ǥ ǢǧǟǫǳǺǪǣǫǥ ǟǮǺǱǲǟǱǥ Ǳǣ ǪǛǲǯǟ ǪǣǲǯǧǛǲǟǧ Ǳǣ ǵǯǭǫǧǨǚ ǢǧǟǱǲǜǪǟǲǟ ǲǷǫ ǢǛǨǟ ǢǣǳǲǣǯǭǩǛǮǲǷǫ, 
ǛǵǭǳǪǣ ǲǟ ǟǨǺǩǭǳǦǟ ǟǮǭǲǣǩǛǱǪǟǲǟ: 

x  0 10 20 30 40 50 60 

( )y f x=  
0 212 740 1430 2280 3172 4114 

ǂǧǟ ǫǟ ǣǬǚǡǭǳǪǣ ǮǣǯǧǱǱǺǲǣǯǣǰ ǮǩǥǯǭǴǭǯǝǣǰ ǟǮǺ ǲǟ ǮǟǯǟǮǚǫǷ ǢǣǢǭǪǛǫǟ ǡǯǚǴǭǳǪǣ ǲǭǫ ǮǝǫǟǨǟ Ǳǣ Ǯǧǭ ǣǨǲǣǲǟǪǛǫǥ 
ǪǭǯǴǜ, Ǯǭǳ ǭǫǭǪǚǤǣǲǟǧ ǮǝǫǟǨǟǰ ǮǣǮǣǯǟǱǪǛǫǷǫ ǢǧǟǴǭǯǼǫ [6], ǺǮǷǰ ǮǟǯǟǨǚǲǷ: 

()
0 0

212

10 212 316

528 154

20 740 162 152

690 2 268

30 1430 160 116 510

850 118 242

40 2280 42 126

892 8

50 3172 50

942

60 4114

x f x

-

- -

-

-

1ǣǰ ǢǧǟǴ. 2ǣǰ ǢǧǟǴ. 3ǣǰ ǢǧǟǴ. 4ǣǰ ǢǧǟǴ. 5ǣǰ ǢǧǟǴ. 6ǣǰ ǢǧǟǴ.

 

ǏǟǯǟǲǥǯǜǱǣǧǰ: 

V ǎǧ ǮǯǼǲǣǰ ǢǧǟǴǭǯǛǰ ǜ ǢǧǟǴǭǯǛǰ ǮǯǼǲǥǰ ǲǚǬǥǰ ǮǯǭǨǻǮǲǭǳǫ ǟǴǟǧǯǼǫǲǟǰ ǨǚǦǣ ǱǳǫǟǯǲǥǱǧǟǨǜ ǲǧǪǜ ǟǮǺ 
ǣǨǣǝǫǥ ǲǥǫ ǲǧǪǜ Ǯǭǳ ǠǯǝǱǨǣǲǟǧ Ǫǧǟ ǦǛǱǥ ǟǨǯǧǠǼǰ ǟǮǭǨǚǲǷ ǲǥǰ Ǳǲǭǫ ǮǝǫǟǨǟ ǲǷǫ ǮǣǮǣǯǟǱǪǛǫǷǫ ǢǧǟǴǭǯǼǫ. 

V ǋǣ ǲǭǫ ǝǢǧǭ ǲǯǺǮǭ ǪǮǭǯǭǻǪǣ ǫǟ ǟǮǭǨǲǜǱǭǳǪǣ Ǣǣǻǲǣǯǥǰ Ǩǟǧ ǳǶǥǩǺǲǣǯǥǰ ǲǚǬǥǰ ǢǧǟǴǭǯǛǰ. 

V ǂǣǫǧǨǚ, Ǜǫǟǰ ǮǝǫǟǨǟǰ ǢǧǟǴǭǯǼǫ Ǯǭǳ ǢǥǪǧǭǳǯǡǣǝǲǟǧ Ǫǣ ǠǚǱǥ ( 1)k+  ǲǧǪǛǰ ǣǬǟǫǲǩǣǝǲǟǧ Ǳǲǥ Ǳǲǜǩǥ ǲǷǫ 

ǢǧǟǴǭǯǼǫ k  ǲǚǬǥǰ. 
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ǀǩǡǺǯǧǦǪǭǰ ǣǻǯǣǱǥǰ ǮǣǮǣǯǟǱǪǛǫǷǫ ǢǧǟǴǭǯǼǫ: 

ǎ ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ǳǟǫ ǣǝǱǭǢǭ ǲǟ ǢǧǟǫǻǱǪǟǲǟ ( ), 1,...,x i i n =  Ǩǟǧ y( ), 1,...,i i n =  ǨǟǦǼǰ Ǩǟǧ Ǜǫǟǫ 

ǠǟǦǪǷǲǺ kǮǭǳ ǢǥǩǼǫǣǧ ǲǥ ǪǛǡǧǱǲǥǰ ǲǚǬǥǰ ǮǣǮǣǯǟǱǪǛǫǣǰ ǢǧǟǴǭǯǛǰ Ǯǭǳ Ǧǟ ǳǮǭǩǭǡǧǱǲǭǻǫ.  

ü ǂǧǟ 1,...,kj =  ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ: 

V ǓǮǭǩǭǡǧǱǪǺǰ ǲǭǳ 
1 1( ) ( 1) ( ),j j jy m y i y i- -= + -  ǺǮǭǳ 1,...,m n j= - Ǩǟǧ 1,...,mi=  

3.1.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ Ƿǰ ǣǝǱǭǢǭ Ǳǲǭǫ ǟǩǡǺǯǧǦǪǭ ǲǟ ǣǬǜǰ ǢǣǢǭǪǛǫǟ: 

ǒǭ ǢǧǚǫǳǱǪǟ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8}x=           , ǲǭǫ ǨǩǣǧǱǲǺ ǲǻǮǭ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ 
4 2 10y x x= - +, ǨǟǦǼǰ Ǩǟǧ 5k= , ǢǥǩǟǢǜ ǣǻǯǣǱǥ ǪǛǵǯǧ 5ǥǰ ǲǚǬǥǰ ǮǣǮǣǯǟǱǪǛǫǷǫ ǢǧǟǴǭǯǼǫ. 

ǊǻǱǥ: 

 

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
clear;  
clc;  
close all ;  

  
% Example 1  
x = 0:0.1:0.9;  
y = x.^3 - 8*x.^2 - 4*x - 1;  

 
fprintf( 'Example 1 \ n' );  
fdiff = DifferenceMatrix(x',y',4);  

  
%Example 2  
x=- 0.3:0.1:0.3;  
y = x.^4 - 2*x+10;  

  
fprintf( ' \ n\ nExample 2 \ n' );  
fdiff = DifferenceMatrix(x',y',5);  

0.3 10.6081

0.2 10.4016

0.1 10.2001

0 10.000

0.1 9.8001

0.2 9.6016

0.3 9.4081

ɑ

x y

rcikopohshA

-

-

-

1

1

0.207

0.202

0.200

0.200

0.199

0.194

j

y

  =

-

-

-

-

-

-

2

2

0.005

0.001

0.000

0.001

0.005

j

y

  =

3

3

0.004

0.001

0.001

0.004

j

y

  =

-

-

4

4

0.002

0.002

0.002

j

y

  =

5

5

0.000

0.000

j

y

  =
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DifferenceMatrix.m 

 
function  diff = DifferenceMatrix(x,y,k)  

  
    n = length(x);  
    m = length(y);  

  
% Compute difference matrix  
    if  (n~=m)  
        disp( 'The two vectors should be of equal size.' );  
        return ;  
    end  

  
    diff(:,1) = y(2:end) - y(1:end - 1);  
    for  i=2:k      
        prev_end = length(y) - i+1;     
        diff(1:length(y) - i,i) = diff(2:prev_end,i - 1) - diff(1:prev_end - 1,i - 1);  
    end  

     

     
% Print matrix  
    for  i=1:length(y) - k      
        for  j=1:k  
            fprintf( '%6.3f ' ,diff(i,j))  
        end  
        fprintf( ' \ n' );  
    end  

     
    ind = 1;  
    for  i=length(y) - k+1 :length(y) - 1    
        for  j=1:k - ind  
            fprintf( '%6.3f ' ,diff(i,j))  
        end  
        ind = ind + 1;  
        fprintf( ' \ n' );  
    end  

     
end  
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4  ǥȍȆȅȉȄŰȆȇǾ ŮɸǿȈȏůȄ ŮȋȆůȗůŮȒȊ 
 

4.1  H ȉǽȅȌŭȌȎ ŭȆȐȌŰȕȉȄůȄȎ 

ǃǭǦǣǝǱǟǰ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ( )y f x=  ǨǟǦǼǰ Ǩǟǧ ǲǥǰ ǮǩǥǯǭǴǭǯǝǟǰ Ǻǲǧ ǲǭ ǢǧǚǱǲǥǪǟ ( , )x a bÍ  ǮǣǯǧǛǵǣǧ Ǫǧǟ ǩǻǱǥ 

ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ, ǥ ǪǛǦǭǢǭǰ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ [6, 7] ǟǮǭǲǣǩǣǝ Ǫǧǟ ǣǮǟǫǟǩǥǮǲǧǨǜ ǪǛǦǭǢǭ ǡǧǟ ǲǥǫ ǟǫǝǵǫǣǳǱǥ ǲǥǰ ǩǻǱǥǰ 

( ) 0f x = . Ǒǲǥ ǮǯǟǡǪǟǲǧǨǺǲǥǲǟ ǥ ǪǛǦǭǢǭǰ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ ǵǯǥǱǧǪǭǮǭǧǣǝǲǟǧ ǡǧǟ ǫǟ ǮǯǭǱǣǡǡǝǱǣǧ Ǫǣ Ǫǝǟ 

ǣǮǧǦǳǪǥǲǜ ǟǨǯǝǠǣǧǟ e ǲǥ ǩǻǱǥ r  ǲǥǰ ǣǬǝǱǷǱǥǰ ( ) 0f x = , ǥ ǭǮǭǝǟ  ǣǝǫǟǧ ǡǫǷǱǲǺ Ǻǲǧ ǠǯǝǱǨǣǲǟǧ Ǳǲǭ ǢǧǚǱǲǥǪǟ 

( , )a b . 

Ǐǧǭ ǱǳǡǨǣǨǯǧǪǛǫǟ, ǛǱǲǷ Ǻǲǧ ǛǵǭǳǪǣ ǲǥǫ ǣǬǝǱǷǱǥ ( ) 0f x =  ǺǮǭǳ ǥ ǱǳǫǚǯǲǥǱǥ ( )f x  ǣǝǫǟǧ Ǳǳǫǣǵǜǰ Ǳǲǭ ǨǩǣǧǱǲǺ 

ǢǧǚǱǲǥǪǟ [ , ]a b  ǡǧǟ ǲǭ ǭǮǭǝǭ ǧǱǵǻǣǧ Ǻǲǧ ( ) (b) 0f a f < . ǑǻǪǴǷǫǟ Ǫǣ ǲǭ Ǩǯǧǲǜǯǧǭ ǲǭǳ Bolzano, Ǧǟ ǳǮǚǯǵǣǧ Ǫǧǟ 

ǩǻǱǥ r  ǲǥǰ ( ) 0f x =  Ǳǲǭ ǢǧǚǱǲǥǪǟ ( , )a b . ǑǲǺǵǭǰ ǣǝǫǟǧ ǫǟ ǠǯǣǦǣǝ Ǫǧǟ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ *x  ǲǥǰ ǮǯǟǡǪǟǲǧǨǜǰ 

ǩǻǱǥǰ r  Ǫǣ ǣǴǟǯǪǭǡǜ ǲǥǰ ǪǣǦǺǢǭǳ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ. 

 

ǀǩǡǺǯǧǦǪǭǰ ǢǧǵǭǲǺǪǥǱǥǰ: 

O ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ƿǰ ǣǝǱǭǢǭ ǲǥ ǱǳǫǚǯǲǥǱǥ ( )f x , ǨǟǦǼǰ Ǩǟǧ ǲǟ ǚǨǯǟ ǲǭǳ ǢǧǟǱǲǜǪǟǲǭǰ ( , )a b  Ǳǲǭ ǭǮǭǝǭ 

ǣǪǮǣǯǧǛǵǣǲǟǧ ǥ ǮǯǟǡǪǟǲǧǨǜ ǩǻǱǥ r  ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ( ) 0f x = . 

ü ǀǯǵǧǨǚ ǣǬǣǲǚǤǣǲǟǧ ǣǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ ǲǭǳ Bolzano Ǳǲǭ ǢǧǚǱǲǥǪǟ ( , )a b , ǢǥǩǟǢǜ ǣǚǫ 

ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǥ ǱǵǛǱǥ: ()() 0f a f b < . Ǆǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǡǝǫǣǲǟǧ ǣǻǯǣǱǥ ǲǭǳ ǪǛǱǭǳ ǲǭǳ ǢǧǟǱǲǜǪǟǲǭǰ 

( , )a b , ǢǥǩǟǢǜ 0
2

a b
x

+
= . Ǆǚǫ ǡǧǟ ǲǭ ǱǥǪǣǝǭ ǟǳǲǺ ǧǱǵǻǣǧ Ǻǲǧ 1( ) 0f x = , ǲǺǲǣ ǛǵǭǳǪǣ ǳǮǭǩǭǡǝǱǣǧ ǲǥǫ 

ǮǯǟǡǪǟǲǧǨǜ ǩǻǱǥ ǥ ǭǮǭǝǟ ǣǝǫǟǧ ǲǭ 1r x=  Ǩǟǧ ǭ ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ. Ǆǚǫ Ǻǵǧ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ. 

ü ǂǧǟ 1,...i=  ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ: 

V ǄǬǣǲǚǤǭǳǪǣ ǣǚǫ ()( )1 0if a f x- <  Ǩǟǧ ǦǛǲǭǳǪǣ a a=  Ǩǟǧ 1ib x-=  ǜ ǣǚǫ ( )()1 0if x f b- <  Ǩǟǧ 

ǦǛǲǭǳǪǣ 1ia x-=  Ǩǟǧ b b= , 

V ǁǯǝǱǨǭǳǪǣ ǲǥǫ i  -ǭǱǲǜ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ: 
2

i

a b
x

+
= , 

ǄǬǣǲǚǤǭǳǪǣ ǣǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ ǲǣǯǪǟǲǧǱǪǭǻ ǲǥǰ ǪǣǦǺǢǭǳ. Ǆǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ 

ǲǣǯǪǟǲǧǱǪǭǻ ǲǺǲǣ ǭ ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ Ǳǲǭ i  - ǭǱǲǺ ǠǜǪǟ Ǩǟǧ ǥ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǣǝǫǟǧ ǥ ix , 

ǢǧǟǴǭǯǣǲǧǨǚ ǭ ǟǩǡǺǯǧǦǪǭǰ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ. 

ǉǯǧǲǜǯǧǭ ǲǣǯǪǟǲǧǱǪǭǻ ǪǣǦǺǢǭǳ ǢǧǵǭǲǺǪǥǱǥǰ: 

ǆ ǪǛǦǭǢǭǰ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ ǟǮǭǲǣǩǣǝ Ǫǧǟ ǣǮǟǫǟǩǥǮǲǧǨǜ ǢǧǟǢǧǨǟǱǝǟ ǡǧǟ ǲǥǫ ǣǻǯǣǱǥ Ǫǧǟǰ ǮǯǭǱǣǡǡǧǱǲǧǨǜǰ ǩǻǱǥǰ 
*x  

ǲǥǰ ǮǯǟǡǪǟǲǧǨǜǰ ǩǻǱǥǰ r. ǄǮǣǧǢǜ Ǳǲǥǫ ǮǯǚǬǥ ǣǝǫǟǧ ǟǢǻǫǟǲǭ ǫǟ ǱǳǪǠǣǝ ( ) 0kf x = , ǪǮǭǯǣǝ, ǟǫǲǝ ǟǳǲǭǻ, ǫǟ 

ǣǬǣǲǟǱǲǣǝ Ǩǟǲǚ ǮǺǱǭ ǲǭ kx  ǣǝǫǟǧ Ǫǧǟ ǧǨǟǫǭǮǭǧǥǲǧǨǜ  ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ ǩǻǱǥǰ. ǑǳǫǣǮǼǰ ǡǧǟ ǲǟ Ǩǯǧǲǜǯǧǟ ǲǣǯǪǟǲǧǱǪǭǻ 

ǲǥǰ ǪǣǦǺǢǭǳ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ ǵǯǥǱǧǪǭǮǭǧǭǻǫǲǟǧ ǭǧ ǣǬǜǰ ǱǵǛǱǣǧǰ: 
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()

() ( )

()

1

1
0.

k k

k

k k

k

k

a x x

b f x

x x
c x

x

e

e

e

-

-

- <

<

-
< ¸

  ,

  ,

  ,   

 (3.1) 

4.1.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǥ ǱǳǫǚǯǲǥǱǥ 
3( ) 7f x x= -. ǇǛǩǭǳǪǣ ǫǟ ǮǯǭǱǣǡǡǝǱǭǳǪǣ ǲǥ ǩǻǱǥ Ǳǲǭ ǢǧǚǱǲǥǪǟ (0,3) Ǫǣ ǪǛǡǧǱǲǭ 

ǱǴǚǩǪǟ 0.1e=  Ǫǣ ǠǚǱǥ ǲǭ ( )a  Ǩǯǧǲǜǯǧǭ ǲǣǯǪǟǲǧǱǪǭǻ. 

ǊǻǱǥ: 

1ǥ ǣǮǟǫǚǩǥǶǥ: 

(0) (3) 7*20 0f f =- <,  

ǲǺǲǣ: 1

0 3
1.5

2
x

+
= =  

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ 1 0 1.5 0 1.5 0.1x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ 

2ǥ ǣǮǟǫǚǩǥǶǥ: 

(0) (1.5) 7* 3.6250 0f f =- - >, 

(1.5) (3) 3.6250*20 0f f =- >, 

ǲǺǲǣ: 2

1.5 3
2.25

2
x

+
= =  

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ 2 1 2.25 1.5 0.75 0.1x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ 

3ǥ ǣǮǟǫǚǩǥǶǥ: 

(1.5) (2.25) 3.6250*4.3906 0f f =- <, 

ǲǺǲǣ: 3

1.5 2.25
1.875

2
x

+
= =  

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ 3 2 1.875 2.25 0.3750 0.1x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ 

4ǥ ǣǮǟǫǚǩǥǶǥ: 

(1.5) (1.875) 3.6250* 0.4082 0f f =- - >, 

(1.875) (2.25) 0.4082*4.3906 0f f =- <, 

ǲǺǲǣ: 4

1.875 2.25
2.0625

2
x

+
= =  

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ 4 3 2.0625 1.875 0.1875 0.1x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǫǣǵǝǤǣǧ 
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5ǥ ǣǮǟǫǚǩǥǶǥ: 

(1.875) (2.0625) 0.4082*1.7737 0f f =- <, 

ǲǺǲǣ: 5

1.875 2.0625
1.96875

2
x

+
= =  

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ 5 4 1.96875 2.0625 0.0938 0.1x x- = - = <, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǲǣǯǪǟǲǝǤǣǧ. 

ǑǳǫǣǮǼǰ ǥ  ǪǛǦǭǢǭǰ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ ǵǯǣǧǚǱǲǥǨǣ 5 ǣǮǟǫǟǩǜǶǣǧǰ ǡǧǟ ǲǥǫ ǣǻǯǣǱǥ ǲǥǰ  ǮǯǭǱǣǡǡǧǱǲǧǨǜǰ ǩǻǱǥǰ 
* 1.96875x =  Ǫǣ ǪǛǡǧǱǲǭ ǟǮǭǢǣǨǲǺ ǱǴǚǩǪǟ 0.1e= .  

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
 

clear; clc; close all ;  
bisection( 'x^3 - 7' ,0, 3, 20, 0.1, true);  

 

 

bisection.m 
 

function  [ a, b, k ] = bisection(f, a, b, N, Tol, verb)  
% 
% bisection(f, a, b, N, Tol)  
% 
% BISECTION 
%   Bisection Method.  
% 
% Input:  
%   f -  function given as a string  
%   a -  lower bound  
%   b -  upper bound  
%   N -  number of iterations  
%   Tol -  error tolerance  
%   verb -  verbose mode  
% 
% Output:  
%   a -  lower bound  
%   b -  upper bound  
%   k -  number of iterations performed  
% 
% Examples:  
%   [ a, b, k ] = bisection( '1/x', - 1, 1, 1e2, 1e - 5, true )  
%   [ a, b, k ] = bisection( '1/x', - 1, 1, 1e2, 1e - 5, 1 )  
%   [ a,  b, k ] = bisection( 'abs(log(x)) - 0.2*sin(x)', 1, pi/2 )  
%   [ a, b, k ] = bisection( 'abs(log(x)) - 0.2*sin(x)', .5, 1, 1e2, 1e - 5 )  
% 

  
    if  nargin == 3  
        N = 1e4;  
        Tol = 1e - 4;  
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        verb = false;  
    elseif  nargin == 4  
        Tol = 1e - 4;  
        verb = false;  
    elseif  nargin == 5  
        verb = false;  
    elseif  nargin ~= 6  
        error( 'bisection: invalid input parameterss' );  
    end  

     
    f = inline(f);  
    %fplot(f,[a b]); grid on; hold on;  
    if  (f(a) * f(b) >= 0) || (a >= b)  
        error( 'bisection: condition f(a)*f(b)<0 or a<b didn''t apply' );  
    end  

     
    k = 1;  
    x(k) = (a + b) / 2;  
    if  verb == true  
%         fprintf(' \ na = %d \ nb = %d \ nx(%d) = %d \ n', a, b, k, x(k));  
        fprintf( '%3g %10g %10g %10g %10.4f %10.4 f \ n' ,k,a,b,x(k), f(x(k)),((b 

-  a) / 2))  
    end  
    plot(x(k),f(x(k)), 'ro' );  

     
    while  ((k <= N) && ((b -  a) / 2) >= Tol)  
        if  f(x(k)) == 0  
            error([ 'bisection: condition f('  num2str(x(k)) ...  
                ')~=0 didn''t apply'  ]);  
        end  
        if  (f(x(k)) * f(a)) < 0  
            b = x(k);  
        else  
            a = x(k);  
        end  
        k = k + 1;  
        x(k) = (a + b) / 2;  
        if  verb == true  
%             fprintf(' \ na = %d \ nb = %d \ nx(%d) = %d \ n', a, b, k, x(k));  
            fprintf( '%3g %10g %10g %10g %10.4f 

%10.4f \ n' ,k,a,b,x(k),f(x(k)),((b -  a) / 2))  
        end  
        %plot(x(k),f(x(k)),'ro');  
    end  

     
end  

 

 

4.2  Ǫ ȉǽȅȌŭȌȎ ŰȒȊ Newton-Raphson  

ǆ ǪǛǦǭǢǭǰ ǲǷǫ Newton-Raphson [6, 8] ǮǣǯǧǡǯǚǴǣǲǟǧ ǟǮǺ Ǜǫǟ ǣǮǟǫǟǩǥǮǲǧǨǺ ǱǵǜǪǟ Ǯǭǳ Ǯǟǯǚǡǣǲǟǧ ǟǮǺ ǲǭ 

ǟǫǚǮǲǳǡǪǟ Ǳǣ Ǳǣǧǯǚ Taylor ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ( )y f x= . ǀǫ ( , )r a bÍ ǣǝǫǟǧ ǥ ǮǯǟǡǪǟǲǧǨǜ ǯǝǤǟ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ 
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( )y f x= , ǡǧǟ ǲǥǫ ǭǮǭǝǟ ǳǮǭǦǛǲǭǳǪǣ Ǻǲǧ ǣǝǫǟǧ Ǣǻǭ ǴǭǯǛǰ ǱǳǫǣǵǼǰ ǮǟǯǟǡǷǡǝǱǧǪǥ Ǳǲǭ ǢǧǚǱǲǥǪǟ [ , ]a b , ǲǺǲǣ ǡǧǟ 

ǨǚǦǣ ( , )kx a bÍ  ǧǱǵǻǣǧ Ǻǲǧ: 

() ( )( ) ( ) ( ) ()
21

0
2

k k k kf r f x r x f x r x f x¡ ¡¡= = + - + - , (3.2) 

ǺǮǭǳ x ǣǝǫǟǧ Ǜǫǟ ǱǥǪǣǝǭ ǪǣǲǟǬǻ ǲǷǫ kx  Ǩǟǧ r . 

ǀǮǺ ǲǥǫ ǮǟǯǟǮǚǫǷ ǱǵǛǱǥ ǮǯǭǨǻǮǲǣǧ Ǻǲǧ: 

( )

( )
( )

()

( )
21

2

k

k k

k k

f x f
r x r x

f x f x

x¡¡
= - - -

¡ ¡
. (3.3) 

ǄǮǭǪǛǫǷǰ, ǟǫ ǲǭ ǱǥǪǣǝǭ kx  ǣǝǫǟǧ ǟǯǨǣǲǚ Ǩǭǫǲǚ Ǳǲǭ ǱǥǪǣǝǭ r, ǲǺǲǣ ǲǭ ǱǥǪǣǝǭ: 

( )

( )
1

k

k k

k

f x
x x

f x
+= -

¡
. (3.4) 

ǀǮǭǲǣǩǣǝ Ǩǟǩǻǲǣǯǥ ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ ǩǻǱǥǰ r  ǟǮǺ Ǻǲǧ ǲǭ ǱǥǪǣǝǭ kx . 

ǋǣ ǠǚǱǥ ǲǟ ǮǟǯǟǮǚǫǷ ǥ ǪǛǦǭǢǭǰ ǲǷǫ Newton-Raphson ǣǝǫǟǧ Ǫǧǟ ǣǮǟǫǟǩǥǮǲǧǨǜ ǪǛǦǭǢǭǰ ǡǧǟ ǲǥǫ ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ 

( ) 0f x =  Ǯǭǳ Ǣǝǫǣǲǟǧ ǟǮǺ ǲǥǫ ǣǬǜǰ ǟǫǟǢǯǭǪǧǨǜ ǱǵǛǱǥ: 

( )

( )
1 0 1 2

k

k k

k

f x
x x k

f x
+= - =

¡
,   , , ,  (3.5) 

ǋǣ ǲǥ ǮǯǭǹǮǺǦǣǱǥ Ǻǲǧ ǥ ǮǟǯǚǡǷǡǭǰ ( )f x¡  Ǣǣ ǪǥǢǣǫǝǤǣǲǟǧ ǡǧǟ ǨǚǦǣ k  Ǩǟǧ Ǻǲǧ ǲǭ 0x  ǣǝǫǟǧ Ǫǧǟ ǢǣǢǭǪǛǫǥ ǟǯǵǧǨǜ 

ǮǯǭǱǛǡǡǧǱǥ ǲǥǰ ǩǻǱǥǰ r . 

ǂǧǟ ǫǟ ǪǮǭǯǛǱǣǧ ǥ ǪǛǦǭǢǭǰ ǲǷǫ Newton-Raphson ǫǟ ǱǳǡǨǩǝǫǣǧ Ǧǟ ǮǯǛǮǣǧ ǥ ǱǳǫǚǯǲǥǱǥ ( )f x  ǫǟ ǧǨǟǫǭǮǭǧǣǝ ǲǧǰ 

ǣǬǜǰ ǱǳǫǦǜǨǣǰ: 

V Ǆǝǫǟǧ ǭǯǧǱǪǛǫǥ Ǩǟǧ Ǣǻǭ ǴǭǯǛǰ ǱǳǫǣǵǼǰ ǮǟǯǟǡǷǡǝǱǧǪǥ Ǳǲǭ [ , ]a b : () [ ]2f x a bÍ , , 

V ǈǨǟǫǭǮǭǧǣǝ ǲǭ Ǩǯǧǲǜǯǧǭ Bolzano: ()() 0f a f b < , 

V H () 0f x¡ ¸ ǡǧǟ ǨǚǦǣ [ ]x a bÍ , , 

V H ()f x¡¡Ǣǧǟǲǥǯǣǝ ǱǲǟǦǣǯǺ ǮǯǺǱǥǪǭ Ǳǲǭ [ ]a b, , 

V ǀǫ ǲǭ z  ǣǝǫǟǧ ǲǭ ǱǥǪǣǝǭ ǺǮǭǳ ǥ ()f x¡  Ǯǟǝǯǫǣǧ ǣǩǚǵǧǱǲǥ ǲǧǪǜ Ǳǲǭ [ ]a b, , ǲǺǲǣ ǧǱǵǻǣǧ 

() ()f z f z b a¡ ¢ -. 

ǉǯǧǲǜǯǧǟ ǲǣǯǪǟǲǧǱǪǭǻ: 

ƼǮǷǰ Ǩǟǧ Ǳǲǥǫ ǣǮǟǫǟǩǥǮǲǧǨǜ ǪǛǦǭǢǭ ǲǥǰ ǢǧǵǭǲǺǪǥǱǥǰ, ǛǲǱǧ Ǩǟǧ Ǳǲǥǫ ǪǛǦǭǢǭ ǲǷǫ Newton-Raphson ǳǮǚǯǵǣǧ 
ǨǚǮǭǧǭ Ǩǯǧǲǜǯǧǭ ǲǣǯǪǟǲǧǱǪǭǻ ǲǭ ǭǮǭǝǭ ǣǮǧǠǚǩǩǣǲǟǧ ǟǮǺ ǲǭ ǵǯǜǱǲǥ. ǑǳǡǨǣǨǯǧǪǛǫǟ  ǢǭǦǛǫǲǭǰ ǲǭǳ ǪǛǡǧǱǲǭǳ 

ǟǮǭǢǣǨǲǭǻ ǱǴǚǩǪǟǲǭǰ e ǥ ǪǛǦǭǢǭǰ ǱǳǡǨǩǝǫǣǧ Ǻǲǟǫ: 

1 1,...k k kx x e-- < =,   (3.6) 
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ǀǩǡǺǯǧǦǪǭǰ ǲǷǫ Newton-Raphson: 

O ǟǩǡǺǯǧǦǪǭǰ ǢǛǵǣǲǟǧ Ƿǰ ǣǝǱǭǢǭ ǲǥ ǱǳǫǚǯǲǥǱǥ ( )f x , ǲǥǫ ǮǟǯǚǡǷǡǭ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ( )f x¡ , ǲǟ ǚǨǯǟ ǲǭǳ 

ǢǧǟǱǲǜǪǟǲǭǰ ( , )a b  Ǳǲǭ ǭǮǭǝǭ ǣǪǮǣǯǧǛǵǣǲǟǧ ǥ ǮǯǟǡǪǟǲǧǨǜ ǩǻǱǥ r  ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ ( ) 0f x = , ǲǥǫ ǟǯǵǧǨǜ 

ǣǨǲǝǪǥǱǥ ǲǥǰ ǩǻǱǥǰ 0x , ǨǟǦǼǰ Ǩǟǧ ǪǛǡǧǱǲǺ ǣǮǧǦǳǪǥǲǺ ǱǴǚǩǪǟ e ǲǥǰ ǮǯǭǱǣǡǡǧǱǲǧǨǜǰ ǩǻǱǥǰ ix  ǟǮǺ ǲǥǫ ǟǪǛǱǷǰ 

ǮǯǭǥǡǭǻǪǣǫǥ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ 1ix- . 

ü ǀǯǵǧǨǚ ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ Ǜǩǣǡǵǭǰ ǣǚǫ ǥ ǪǛǦǭǢǭǰ ǱǳǡǨǩǝǫǣǧ. Ǆǚǫ ǫǟǧ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, ǣǚǫ Ǻǵǧ ǭ 
ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ. 

ü ǂǧǟ 1,...i=  ǮǯǟǡǪǟǲǭǮǭǧǣǝǲǟǧ: 

V ƹǩǣǡǵǭǰ ǡǧǟ Ǫǥ-ǪǥǢǣǫǧǨǜ ǮǟǯǚǡǷǡǭ Ǳǲǥǫ i - ǭǱǲǜ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ix : () 0if x¡ ¸ . Ǆǚǫ ǣǝǫǟǧ 

Ǫǥ-ǪǥǢǣǫǧǨǜ ǥ ǲǧǪǜ ǲǥǰ ǮǟǯǟǡǼǡǭǳ ǲǺǲǣ ǭ ǟǩǡǺǯǧǦǪǭǰ ǱǳǫǣǵǝǤǣǧ, ǢǧǟǴǭǯǣǲǧǨǚ ǥ ǪǛǦǭǢǭǰ Ǣǣ ǱǳǡǨǩǝǫǣǧ 
Ǩǟǧ ǥ ǢǧǟǢǧǨǟǱǝǟ ǢǧǟǨǺǮǲǣǲǟǧ. 

V ǄǻǯǣǱǥ i - ǭǱǲǜǰ ǮǯǭǱǣǡǡǧǱǲǧǨǜǰ ǩǻǱǥǰ: 
()

()
1

i

i i

i

f x
x x

f x
+= -

¡
, 

V ƹǩǣǡǵǭǰ Ǩǯǧǲǥǯǝǭǳ ǱǻǡǨǩǧǱǥǰ: 
1i ix x e-- <. Ǆǚǫ ǧǨǟǫǭǮǭǧǣǝǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ ǲǺǲǣ ǭ 

ǟǩǡǺǯǧǦǪǭǰ ǲǣǯǪǟǲǝǤǣǧ Ǳǲǭ i - ǭǱǲǭ ǠǜǪǟ Ǩǟǧ ǥ ǮǯǭǱǣǡǡǧǱǲǧǨǜ ǩǻǱǥ ǣǝǫǟǧ ǥ ix , ǢǧǟǴǭǯǣǲǧǨǚ ǭ 

ǟǩǡǺǯǧǦǪǭǰ ǣǮǟǫǟǩǟǪǠǚǫǣǲǟǧ. 

 

4.2.1 ǏǟǯǚǢǣǧǡǪǟ: 

ǇǣǷǯǭǻǪǣ ǲǥ ǱǳǫǚǯǲǥǱǥ 
3( ) 7f x x= -. ǇǛǩǭǳǪǣ ǫǟ ǮǯǭǱǣǡǡǝǱǭǳǪǣ ǲǥ ǩǻǱǥ ( ) 0f x =  Ǫǣ ǲǥ ǪǛǦǭǢǭ ǲǷǫ 

Newton-Raphson Ǳǲǭ ǢǧǚǱǲǥǪǟ (0,3), ǦǣǷǯǼǫǲǟǰ ǟǯǵǧǨǜ ǣǨǲǧǪǼǪǣǫǥ ǩǻǱǥ 0 1.5x =  Ǩǟǧ ǟǨǯǝǠǣǧǟ ǣǫǺǰ 

ǢǣǨǟǢǧǨǭǻ ǶǥǴǝǭǳ, ǢǥǩǟǢǜ ǪǛǡǧǱǲǭ ǟǮǭǢǣǨǲǺ ǱǴǚǩǪǟ 0.01e= . 

ǊǻǱǥ: 

ǂǧǟ ǲǥ ǢǭǦǣǝǱǟ ǱǳǫǚǯǲǥǱǥ ǧǱǵǻǣǧ:  

V (0) (3) 7*20 0f f =- < 
V () 23 0, [0,3]f x x x¡ = ¸  Í  

V ɶ () 6f x x¡¡= Ǣǧǟǲǥǯǣǝ ǱǲǟǦǣǯǺ ǮǯǺǱǥǪǭ [0,3]x$ Í  

ǑǳǫǣǮǼǰ ǥ ǪǛǦǭǢǭǰ ǱǳǡǨǩǝǫǣǧ Ǩǟǧ ǪǮǭǯǣǝ ǫǟ ǣǴǟǯǪǭǱǲǣǝ. 

1ǥ ǣǮǟǫǚǩǥǶǥ: 

 
( )

( ) ( )
0

1 0

0

(1.5)
1.5 2.0370

1.5

f x f
x x

f x f
= - = - =

¡ ¡
 

ǣǬǣǲǚǤǣǲǟǧ Ǩǯǧǲǜǯǧǭ ǲǭ ǱǻǡǨǩǧǱǥǰ: 
1 0 2.0370 1.5 0.5370 0.01x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǫǣǵǝǤǣǧ 

2ǥ ǣǮǟǫǚǩǥǶǥ: 
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()

() ( )
1

2 1

1

(2.037)
2.037 1.9203

2.037

f x f
x x

f x f
= - = - =

¡ ¡
, 

ǣǬǣǲǚǤǣǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ: 2 1 1.9203 2.0370 0.1167 0.01x x- = - = >, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǱǳǫǣǵǝǤǣǧ 

3ǥ ǣǮǟǫǚǩǥǶǥ: 

 
( )

( ) ( )
2

3 2

2

(1.9203)
1.9203 1.9130

1.9203

f x f
x x

f x f
= - = - =

¡ ¡
, 

ǣǬǣǲǚǤǣǲǟǧ ǲǭ Ǩǯǧǲǜǯǧǭ ǱǻǡǨǩǧǱǥǰ: 2 1 1.9130 1.9203 0.0073 0.01x x- = - = <, ǚǯǟ ǭ ǟǩǡǺǯǧǦǪǭǰ 

ǲǣǯǪǟǲǝǤǣǧ. 

ǑǳǫǣǮǼǰ ǥ  ǪǛǦǭǢǭǰ Newton-Raphson ǵǯǣǧǚǱǲǥǨǣ 3 ǣǮǟǫǟǩǜǶǣǧǰ ǡǧǟ ǲǥǫ ǣǻǯǣǱǥ ǲǥǰ  ǮǯǭǱǣǡǡǧǱǲǧǨǜǰ ǩǻǱǥǰ 
* 1.9130x =  Ǫǣ ǟǨǯǝǠǣǧǟ ǣǫǺǰ ǢǣǨǟǢǧǨǭǻ ǶǥǴǝǭǳ. 

 

ǓǩǭǮǭǝǥǱǥ Ǳǣ MATLAB : 

main.m 
 

clear; clc; close all ;  
new_raph( 'x^3 - 7' , '3*x^2' , 1.5, 30, 0.01, 0, 3);  

 

 

new_raph.m 
 

function  xcur = new_raph( f, df, x0, N, tol, a, b )  

  
% This routine implements the Newton - Raphson's method of rootfinding.  
% The following are the input parameters to the routine :  
%    f : it is any function involving one independent variable of the form 

f( variables ) = 0.  
%           i.e. all the terms of the function h ave to be transferred to LHS 

making RHS as 0.  
%    df : the derivative of f.  
%    x0 : initial guess of the root / starting value.  
%    N : maximum number of iterations needed to be performed.  
%    tol : allowable deviation / tolerance.  

  
   k = 1;        % iteration counter  
   x(1) = x0;    % some random initialisations  
   xcur = x(1);  

    
   f = inline(f);  
   df = inline(df);  

    
%   fplot(f,[a b]);  
   grid on; hold on;  
   fprintf( '%3g %10.4f %10.4f \ n' ,k, x(k), f(x(k)))  
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   while ( k <= N )  
      fx = f (x(k));  
      dfx = df(x(k));  

  
      if ( dfx == 0 )  
         error( 'Derivative has become 0'  );  
      else  
         k = k + 1;  
         x(k) = x(k - 1) -  fx / dfx  
         xcur = x(k);  
         plot(x(k),f(x(k)), 'ro' );  
         fprintf( '%3g %10.4f %10.4f \ n' ,k, x(k), f(x(k)))  
      end  

       
      if  (abs(x(k - 1) - x(k)) <= tol)  
          return ;  
      end  

  
   end  

    
return ;  
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5  ǲŬȍŮȉȁȌȈǾ ȇŬȆ ǲŬȍŮȇȁȌȈǾ 

ǎǯǧǱǪǺǰ ǮǟǯǣǪǠǭǩǜǰ: 

ǀǫ ǛǵǭǳǪǣ Ǳǲǥ ǢǧǚǦǣǱǥ Ǫǟǰ ǲǧǰ ǲǧǪǛǰ Ǫǧǟǰ ǱǳǫǚǯǲǥǱǥǰ ( )f x  Ǯǭǳ ǟǫǲǧǱǲǭǧǵǭǻǫ Ǳǣ ǢǧǚǴǭǯǣǰ ǲǧǪǛǰ 1 2 ...o nx x x x, , , ,  

ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ x, ǲǺǲǣ ǮǟǯǣǪǠǭǩǜ ǣǝǫǟǧ ǥ ǢǧǟǢǧǨǟǱǝǟ Ǫǣ ǲǥǫ ǭǮǭǝǟ ǟǮǭǨǲǭǻǪǣ, ǟǮǺ ǲǧǰ ǢǭǦǣǝǱǣǰ 

ǱǳǫǟǯǲǥǱǧǟǨǛǰ ǲǧǪǛǰ, ǮǯǭǱǣǡǡǝǱǣǧǰ ǲǥǰ ( )f x  ǡǧǟ ǲǧǪǛǰ ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ xǮǭǳ ǠǯǝǱǨǭǫǲǟǧ ǣǫǢǧǚǪǣǱǟ 

Ǳǲǧǰ ǢǣǢǭǪǛǫǣǰ ǲǧǪǛǰ 1 2 ...o nx x x x, , , ,  [6]. 

ǎǯǧǱǪǺǰ ǮǟǯǣǨǠǭǩǜǰ: 

ǀǫ ǛǵǭǳǪǣ Ǳǲǥ ǢǧǚǦǣǱǥ Ǫǟǰ ǲǧǰ ǲǧǪǛǰ Ǫǧǟǰ ǱǳǫǚǯǲǥǱǥǰ ( )f x  Ǯǭǳ ǟǫǲǧǱǲǭǧǵǭǻǫ Ǳǣ ǢǧǚǴǭǯǣǰ ǲǧǪǛǰ 1 2 ...o nx x x x, , , ,  

ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ x, ǲǺǲǣ ǮǟǯǣǨǠǭǩǜ ǣǝǫǟǧ ǥ ǢǧǟǢǧǨǟǱǝǟ Ǫǣ ǲǥǫ ǭǮǭǝǟ ǟǮǭǨǲǭǻǪǣ, ǟǮǺ ǲǧǰ ǢǭǦǣǝǱǣǰ 

ǱǳǫǟǯǲǥǱǧǟǨǛǰ ǲǧǪǛǰ, ǮǯǭǱǣǡǡǝǱǣǧǰ ǲǥǰ ( )f x  ǡǧǟ ǲǧǪǛǰ ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ xǮǭǳ ǠǯǝǱǨǭǫǲǟǧ ǣǨǲǺǰ Ǳǲǧǰ 

ǢǣǢǭǪǛǫǣǰ ǲǧǪǛǰ 1 2 ...o nx x x x, , , ,  [6]. 

ǎǯǧǱǪǺǰ ǟǫǲǝǱǲǯǭǴǥǰ ǮǟǯǣǪǠǭǩǜǰ: 

ǀǫ ǛǵǭǳǪǣ Ǳǲǥ ǢǧǚǦǣǱǥ Ǫǟǰ ǲǧǰ ǲǧǪǛǰ Ǫǧǟǰ ǱǳǫǚǯǲǥǱǥǰ ( )f x  Ǯǭǳ ǟǫǲǧǱǲǭǧǵǭǻǫ Ǳǣ ǢǧǚǴǭǯǣǰ ǲǧǪǛǰ 1 2 ...o nx x x x, , , ,  

ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ x, ǲǺǲǣ ǟǫǲǝǱǲǯǭǴǥ ǮǟǯǣǪǠǭǩǜ ǣǝǫǟǧ ǥ ǢǧǟǢǧǨǟǱǝǟ Ǫǣ ǲǥǫ ǭǮǭǝǟ ǟǮǭǨǲǭǻǪǣ, ǟǮǺ ǲǧǰ 

ǢǭǦǣǝǱǣǰ ǱǳǫǟǯǲǥǱǧǟǨǛǰ ǲǧǪǛǰ, ǮǯǭǱǣǡǡǝǱǣǧǰ ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ x  ǡǧǟ ǲǧǰ ǭǮǭǝǣǰ ǥ ( )f x  Ǯǟǝǯǫǣǧ Ǫǧǟ 

ǱǳǡǨǣǨǯǧǪǛǫǥ ǲǧǪǜ [6]. 

ǂǣǫǧǨǚ, Ǜǫǟǰ ǲǯǺǮǭǰ ǡǧǟ ǫǟ ǮǯǟǡǪǟǲǭǮǭǧǥǦǣǝ ǥ ǮǟǯǣǪǠǭǩǜ Ǩǟǧ ǥ ǮǟǯǣǨǠǭǩǜ ǠǟǱǝǤǣǲǟǧ Ǳǲǥǫ ǨǟǲǟǱǨǣǳǜ ǣǫǺǰ 

ǮǭǩǳǷǫǻǪǭǳ Ǯǭǳ ǢǧǛǯǵǣǲǟǧ ǟǮǺ Ǻǩǟ ǲǟ ǢǭǦǛǫǲǟ ǱǥǪǣǝǟ ( , ( ))x f x . ǒǺǲǣ ǪǮǭǯǭǻǪǣ ǫǟ ǨǚǫǭǳǪǣ ǮǟǯǣǪǠǭǩǜ ǜ 

ǮǟǯǣǨǠǭǩǜ ǳǮǭǩǭǡǝǤǭǫǲǟǰ ǲǥǫ ǲǧǪǜ ǲǭǳ ǮǭǩǳǷǫǻǪǭǳ ǡǧǟ ǭǮǭǧǟǢǜǮǭǲǣ ǲǧǪǜ ǲǥǰ ǟǫǣǬǚǯǲǥǲǥǰ ǪǣǲǟǠǩǥǲǜǰ x . 

 

5.1  ǲŬȍŮȉȁȌȈǾ Lagrange 

ƹǱǲǷ Ǻǲǧ ǛǵǭǳǪǣ Ǳǲǥ ǢǧǚǦǣǱǥ Ǫǟǰ ǲǧǰ ǲǧǪǛǰ ǲǧǰ ǱǳǫǚǯǲǥǱǥǰ ( )f x  Ǳǣ ( )1n+ ǢǧǟǨǣǨǯǧǪǛǫǟ ǱǥǪǣǝǟ 0,...,ix i n=,  

ǲǟ ǭǮǭǝǟ ǣǫ ǡǛǫǣǧ Ǣǣǫ ǧǱǟǮǛǵǭǳǫ. ǓǮǭǦǛǲǭǳǪǣ Ǻǲǧ ǥ ǱǳǫǚǯǲǥǱǥ ǟǳǲǜ ǮǟǯǣǪǠǚǩǩǣǲǟǧ Ǫǣ Ǜǫǟ ǮǭǩǳǼǫǳǪǭ ()nP x  ǲǭ 

Ǯǭǩǻ ǠǟǦǪǭǻ n, ǛǲǱǧ ǼǱǲǣ ǭǧ ǲǧǪǛǰ ǲǭǳ ǮǭǩǳǷǫǻǪǭǳ ǫǟ ǱǳǪǮǝǮǲǭǳǫ Ǫǣ ǲǧǰ ǟǫǲǝǱǲǭǧǵǣǰ ǲǧǪǛǰ ǲǥǰ ǱǳǫǚǯǲǥǱǥǰ 

()i if f x=  Ǳǲǟ ( )1n+ ǱǥǪǣǝǟ ǮǟǯǣǪǠǭǩǜǰ 0,...,ix i n=, . ǒǭ ǮǯǺǠǩǥǪǟ ǲǥǰ ǮǟǯǣǪǠǭǩǜǰ ǛǡǨǣǧǲǟǧ Ǳǲǥǫ ǣǻǯǣǱǥ 

ǲǭǳ ǮǭǩǳǷǫǻǪǭǳ ()nP x  ǵǷǯǝǰ ǲǥǫ ǣǮǝǩǳǱǥ ǲǭǳ ǟǫǲǝǱǲǭǧǵǭǳ ǡǯǟǪǪǧǨǭǻ ǱǳǱǲǜǪǟǲǭǰ [6]. 

ǄǬǣǲǚǤǭǳǪǣ ǮǯǼǲǟ ǲǥǫ ǮǣǯǝǮǲǷǱǥ Ǯǭǳ ǲǟ ǱǥǪǣǝǟ ǮǟǯǣǪǠǭǩǜǰ ǣǝǫǟǧ Ǣǻǭ, 0x  Ǩǟǧ 1x , Ǫǣ 0 1x x̧ . 

ǇǣǷǯǭǻǪǣ ǲǭ ǮǭǩǳǼǫǳǪǭ ǮǯǼǲǭǳ ǠǟǦǪǭǻ: ()1 0 1P x a a x= +  Ǩǟǧ ǤǥǲǭǻǪǣ ǲǭǫ ǮǯǭǱǢǧǭǯǧǱǪǺ ǲǷǫ ǱǳǫǲǣǩǣǱǲǼǫ 0a  

Ǩǟǧ 1a .  

ǑǳǡǨǣǨǯǧǪǛǫǟ ǭǧ ǱǳǫǲǣǩǣǱǲǛǰ 0 1ia i=, ,  ǮǯǛǮǣǧ ǫǟ ǧǨǟǫǭǮǭǧǭǻǫ ǲǭ ǱǻǱǲǥǪǟ: 

( )

()

0 0 1 0

0 1 1 1

,

.

a x a f x

a x a f x

+ =

+ =
 (4.1) 

ǒǭ ǱǻǱǲǥǪǟ ǟǳǲǺ Ǜǵǣǧ Ǫǝǟ ǪǭǫǟǢǧǨǜ ǩǻǱǥ, ǟǴǭǻ ǥ ǭǯǝǤǭǳǱǟ ǲǷǫ ǱǳǫǲǣǩǣǱǲǼǫ ǲǷǫ ǟǡǫǼǱǲǷǫ 0 1ia i=, ,  ǣǝǫǟǧ 

ǢǧǚǴǭǯǥ ǲǭǳ ǪǥǢǣǫǺǰ.  
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ǄǮǭǪǛǫǷǰ, ǭǧ ǱǳǫǲǣǩǣǱǲǛǰ 0 1ia i=, ,  Ǣǝǫǭǫǲǟǧ ǟǮǺ ǲǧǰ ǱǵǛǱǣǧǰ det deti ia V V=  ǺǮǭǳ ǭǧ ǭǯǝǤǭǳǱǣǰ det iV  ǡǧǟ 

0 1i = , , ǮǯǭǱǢǧǭǯǝǤǭǫǲǟǧ ǟǮǺ ǲǥǫ ǭǯǝǤǭǳǱǟ detVǟǫ ǟǫǲǧǨǟǲǟǱǲǜǱǭǳǪǣ ǲǥǫ ( )1i+  Ǳǲǜǩǥ ǟǳǲǜǰ Ǫǣ ǲǭ ǢǧǚǫǳǱǪǟ 

() ()0 1f x f x, , ǢǥǩǟǢǜ ǟǮǺ ǲǧǰ ǮǟǯǟǨǚǲǷ ǭǯǝǤǭǳǱǣǰ: 

( )

()
0 0

0

1 1

det
f x x

V
f x x

=  Ǩǟǧ 
( )

()
0

1

1

1
det

1

f x
V

f x
= . (4.2) 

ǄǮǭǪǛǫǷǰ, ǛǵǭǳǪǣ: 

( ) ()1 0 0 10
0

1 0

det

det

x f x x f xV
a

V x x

-
= =

-
 Ǩǟǧ 

() ( )1 01
1

1 0

det

det

f x f xV
a

V x x

-
= =

-
. (4.3) 

ǋǣ ǠǚǱǥ ǟǳǲǚ, ǲǭ ǡǯǟǪǪǧǨǺ ǮǭǩǳǼǫǳǪǭ Ǯǭǳ ǟǫǟǤǥǲǭǻǪǣ ǡǝǫǣǲǟǧ ǢǧǟǢǭǵǧǨǚ: 

()
( ) () () ( )

( )()( )( )

1 0 0 1 1 0

1 0 1

1 0 1 0

0 1 1 0

1 0

,

x f x x f x f x f x
P x a a x x

x x x x

x x f x x x f x

x x

- -
= + = +

- -

- - -
=

-
         

 (4.4) 

ǟǮǺ ǲǥǫ ǭǮǭǝǟ Ǫǣ ǢǧǟǵǷǯǧǱǪǺ ǲǷǫ ǺǯǷǫ ǲǭǳ ǟǯǧǦǪǥǲǜ ǮǯǭǨǻǮǲǣǧ: 

() ( ) ()01
1 0 1

0 1 1 0

,
x xx x

P x f x f x
x x x x

--
= +
- -

 (4.5) 

ǺǮǭǳ ǥ ǮǟǯǟǮǚǫǷ ǱǵǛǱǥ ǮǟǯǧǱǲǚ ǲǥǫ ǣǳǦǣǝǟ Ǯǭǳ ǢǧǛǯǵǣǲǟǧ ǟǮǺ ǲǟ ǱǥǪǣǝǟ ( )( )0 0x f x,  Ǩǟǧ ()( )1 1x f x, . 

ǀǫ ǥ ǱǳǫǚǯǲǥǱǥ ( )f x  ǣǝǫǟǧ Ǳǳǫǣǵǜǰ Ǳǲǭ ǨǩǣǧǱǲǺ ǢǧǚǱǲǥǪǟ [ ]0 1x x,  Ǩǟǧ ǟǫ ǣǝǫǟǧ ǮǟǯǟǡǷǡǝǱǧǪǥ Ǳǲǭ ǟǫǭǧǨǲǺ 

ǢǧǚǱǲǥǪǟ ( )0 1x x, , ǲǺǲǣ ǲǭ ǮǭǩǳǼǫǳǪǭ ǮǟǯǣǪǠǭǩǜǰ ()1P x  ǟǮǭǲǣǩǣǝ ǲǭ ǮǭǩǳǼǫǳǪǭ Taylor ǮǯǼǲǭǳ ǠǟǦǪǭǻ. ǒǭ 

ǮǭǩǳǼǫǳǪǭ ǮǟǯǣǪǠǭǩǜǰ ()1P x  ǪǮǭǯǣǝ ǫǟ ǡǯǟǴǣǝ Ǩǟǧ Ǫǣ ǲǥǫ ǮǟǯǟǨǚǲǷ ǪǭǯǴǜ: 

() ( )( )
() ( )1 0

1 0 0

1 0

f x f x
P x f x x x

x x

-
= + -

-
. (4.6) 

ǀǴǭǻ ǥ ǱǳǫǚǯǲǥǱǥ ( )f x  ǣǝǫǟǧ Ǳǳǫǣǵǜǰ Ǳǲǭ ǨǩǣǧǱǲǺ ǢǧǚǱǲǥǪǟ [ ]0 1x x,  Ǩǟǧ ǟǫ ǣǝǫǟǧ ǮǟǯǟǡǷǡǝǱǧǪǥ Ǳǲǭ ǟǫǭǧǨǲǺ 

ǢǧǚǱǲǥǪǟ ( )0 1x x, , ǲǺǲǣ ǟǮǺ ǲǭ ǦǣǼǯǥǪǟ ǲǥǰ ǪǛǱǥǰ ǲǧǪǜǰ ǳǮǚǯǵǣǧ Ǜǫǟ ǱǥǪǣǝǭ x ǪǣǲǟǬǻ ǲǷǫ ǱǥǪǣǝǷǫ 0x  Ǩǟǧ 1x  

ǡǧǟ ǲǭ ǭǮǭǝǭ ǧǱǵǻǣǧ Ǻǲǧ: 

()
() ( )1 0

1 0

f x f x
f

x x
x

-
¡ =

-
. (4.7) 

ǋǣ ǠǚǱǥ ǟǳǲǜ ǲǥ ǱǵǛǱǥ, ǲǭ ǮǭǩǳǼǫǳǪǭ (4.6) ǪǮǭǯǣǝ ǫǟ ǡǯǟǴǣǝ Ǩǟǧ Ƿǰ ǣǬǜǰ: 

() ( )( ) ()1 0 0 'P x f x x x f x= + - , (4.8) 

ǲǭ ǭǮǭǝǭ ǟǮǭǲǣǩǣǝ ǲǭ ǮǭǩǳǼǫǳǪǭ Taylor ǮǯǼǲǭǳ ǠǟǦǪǭǻ 

ǒǭ ǮǭǩǳǼǫǳǪǭ ǮǟǯǣǪǠǭǩǜǰ ()1P x  ǪǮǭǯǣǝ ǫǟ ǡǯǟǴǣǝ Ƿǰ () ()( ) ()()1 0 0 1 1P x L x f x L x f x= +  ǺǮǭǳ: 
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() 1
0

0 1

x x
L x

x x

-
=
-

 Ǩǟǧ() 0
1

1 0

.
x x

L x
x x

-
=
-

  (4.9) 

ǏǟǯǟǲǜǯǥǱǥ: 

V ǀǫ Ǳǲǟ ǮǟǯǟǮǚǫǷ ǮǭǩǳǼǫǳǪǟ ǟǫ ǦǛǱǭǳǪǣ 0x x=  ǲǺǲǣ Ǧǟ ǛǵǭǳǪǣ: 

( )0 0 1L x =Ǩǟǧ , ǭǮǺǲǣ , (4.10) 

ǣǫǼ ǟǫ ǦǛǱǭǳǪǣ  ǲǺǲǣ Ǧǟ ǛǵǭǳǪǣ  

Ǩǟǧ ǭǮǺǲǣ  (4.11) 

ǑǵǣǲǧǨǚ Ǫǣ ǲǭ ǡǣǫǧǨǣǳǪǛǫǭ ǮǯǺǠǩǥǪǟ Ǳǲǭǫ ǮǯǭǱǢǧǭǯǧǱǪǺ ǲǭǳ ǮǭǩǳǷǫǻǪǭǳ ǮǟǯǣǪǠǭǩǜǰ ǠǟǦǪǭǻ  ǲǭ ǭǮǭǝǭ ǫǟ 
ǧǨǟǫǭǮǭǧǣǝ ǲǧǰ ǱǳǫǦǜǨǣǰ ǲǟǻǲǧǱǥǰ: 

 . (4.12) 

ǏǟǯǟǲǜǯǥǱǥ: 

V ǂǧǟ ǲǟ ǮǭǩǳǼǫǳǪǟ ǮǯǼǲǭǳ ǠǟǦǪǭǻ Ǩǟǧ  ǧǱǵǻǣǧ Ǻǲǧ Ǳǲǭ ǱǥǪǣǝǭ  ǥ ǲǧǪǜ ǲǭǳ 

ǮǭǩǳǷǫǻǪǭǳ  ǣǝǫǟǧ Ǜǫǟ Ǻǲǟǫ  Ǩǟǧ ǪǥǢǛǫ Ǻǲǟǫ . 

ǃǥǩǟǢǜ, ǡǧǟ  ǧǱǵǻǣǧ Ǻǲǧ: 

, (4.13) 

ƼǮǭǳ  ǣǝǫǟǧ ǲǭ ǡǫǷǱǲǺ ǢǛǩǲǟ ǲǭǳ Kronecker  Ǯǭǳ ǭǯǝǤǣǲǟǧ Ƿǰ ǣǬǜǰ: 

 (4.14) 

ǑǵǣǲǧǨǚ Ǫǣ ǲǭ ǡǣǫǧǨǣǳǪǛǫǭ ǮǯǺǠǩǥǪǟ Ǳǲǭǫ ǮǯǭǱǢǧǭǯǧǱǪǺ ǲǭǳ ǮǭǩǳǷǫǻǪǭǳ ǮǟǯǣǪǠǭǩǜǰ ǠǟǦǪǭǻ  ǲǭ ǭǮǭǝǭ ǫǟ 
ǧǨǟǫǭǮǭǧǣǝ ǲǧǰ ǱǳǫǦǜǨǣǰ ǲǟǻǲǧǱǥǰ: 

, (4.15) 

ǲǭ ǣǯǼǲǥǪǟ Ǯǭǳ ǲǝǦǣǲǟǧ ǣǝǫǟǧ ǟǫ ǪǮǭǯǭǻǫ ǫǟ ǭǯǧǱǲǭǻǫ ǣǨǴǯǚǱǣǧǰ ǲǷǫ ǮǭǩǳǷǫǻǪǷǫ  ǲǛǲǭǧǣǰ ǼǱǲǣ 

ǫǟ ǧǱǵǻǣǧ: 

, (4.16) 

ǺǮǭǳ ǲǟ ǮǭǩǳǼǫǳǪǟ  Ǜǵǭǳǫ ǲǥǫ ǧǢǧǺǲǥǲǟ: 

. (4.17) 

ǒǺǲǣ ǲǭ ǮǭǩǳǼǫǳǪǭ  ǧǨǟǫǭǮǭǧǣǝ Ǻǩǣǰ ǲǧǰ ǱǳǫǦǜǨǣǰ ǲǟǻǲǧǱǥǰ. 






















